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ABSTRACT
Endogenous Switching Costs and the Incentive for High Quality Entry
by Tomaso Duso*
This paper analyzes how the strategic use of switching costs by an incumbent influences
entry, price competition and the entrant's incentive to introduce a high quality product,
in a market with vertically differentiated goods. We can prove the existence of a unique
subgame perfect equilibrium whose characteristics depends on the costs of developing
quality. If these costs are low, the entrant strongly differentiates its product and price
competition is tougher than without switching costs. If the costs of product's quality are
in the middle range, the entrant differentiates its product less and each firm specializes
on a group of customers. This implies a less competitive industry since both suppliers
have market power over their purchasers. If the costs of differentiation are high enough,
entry is deterred through the strategic use of switching costs. Furthermore we can show
that the entrant always underinvests in quality when compared to the case of no
switching costs. The equilibrium outcome is inefficient, since total welfare decreases in
the presence of switching costs. Policy suggestions are discussed.
ZUSAMMENFASSUNG
Endogene Wechselkosten und die Anreize zum Markteintritt von
Hochqualitätsproduzenten
In diesem Beitrag wird analysiert, wie ein Incumbent durch die strategische Wahl von
Wechselkosten - in einem Markt mit vertikal-differenzierten Gütern - den Eintritt, den
Preiswettbewerb und die Qualitätswahl von potentiellen Wettbewerbern beeinflussen
kann. Der Artikel zeigt die Existenz von einem eindeutigen teilspielperfekten Gleich-
gewicht, dessen Merkmale von den Qualitätskosten abhängen. Sind diese Kosten
niedrig, so differenziert die eintretende Firma ihr Produkt stärker und der
Preiswettbewerb ist intensiver als ohne Wechselkosten. Wenn die Qualitätskosten in
einem mittleren Bereich liegen, differenziert die eintretende Firma ihr Produkt weniger
und die Firmen spezialisieren sich auf unterschiedliche Konsumentengruppen. Dies
reduziert die Wettbewerbsintensität, da beide Produzenten Marktmacht über ihre
jeweiligen Kunden besitzen. Wenn die Differenzierungskosten hoch genug sind, wird
der Eintritt durch die strategische Nutzung von Wechselkosten verhindert. Außerdem
zeigt der Artikel, daß die eintretende Firma im Gleichgewicht immer weniger in Qualität
investiert als ohne Wechselkosten. Das Gleichgewicht ist ineffizient, weil die Wohlfahrt
mit Wechselkosten abnimmt. Wirtschaftspolitische Implikationen werden diskutiert.
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4 Lqwurgxfwlrq
Wkh ^Hxurshdq` Frppxqlw|*v dlp lv wr vxssruw wkh frpshw0
lwlyhqhvv ri wkh Hxurshdq hfrqrp| lq dq lqfuhdvlqjo| frpshwl0
wlyh zruog dqg wr jlyh frqvxphuv pruh fkrlfh/ ehwwhu txdolw|/ dqg
orzhu sulfhv ^111`41
Lq wkh surfhvv ri rshqlqj xs vrph lqgxvwulhv wr frpshwlwlrq wkh h{ pr0
qrsrolvwlf up kdv vrph dgydqwdjhv ylv0ã0ylv srwhqwldo hqwudqwv1 Lq sduwlf0
xodu/ li wkh lqfxpehqw*v frqvrolgdwh edvh ri fxvwrphuv shufhlyh vzlwfklqj wr
d qhz vhoohu dv frvwo|/ wkhq wkh lqfxpehqw kdv pdunhw srzhu ryhu lwv sr0
whqwldo uhshdw0sxufkdvhuv1 Wkh jhqhudo wudgh r wkdw wkh lqfxpehqw idfhv lq
pdunhwv zlwk vzlwfklqj frvwv lv ehwzhhq vhwwlqj kljk sulfhv lq wkh prqrsro|
shulrg/ lq rughu wr h{wudfw wkh pd{lpdo uhqw lq wkdw shulrg/ dqg vhwwlqj orz
sulfhv lq rughu wr orfn lq frqvxphuv iru wkh ixwxuh1 Li fxvwrphuv duh orfnhg
lq/ wkh h{0prqrsrolvw fdq fkdujh wkhp zlwk kljkhu sulfhv lq wkh frpshwlwlyh
shulrg/ lqfuhdvlqj lwv h{shfwhg surwv1 Ixuwkhupruh/ li wkh prqrsrolvw fdq
hqgrjhqrxvo| fuhdwh vzlwfklqj frvwv/ wkhlu vwudwhjlf xvh pd| khos wr ghwhu
qhz hqwu| ru wr pdlqwdlq d grplqdqw srvlwlrq lq wkh pdunhw/ dqg wkhuhe|
kdup frpshwlwlrq15 Rqh ixuwkhu lqwhuhvwlqj srlqw/ zklfk vhhpv vr idu qrw wr
eh wkrurxjko| dqdo|}hg e| wkh olwhudwxuh/ lv krz gr vzlwfklqj frvwv lq xhqfh
wkh frpshwlwruv* lqfhqwlyh wr glhuhqwldwh lwv surgxfw/ dqg zklfk lpsolfdwlrqv
kdv wklv idfw rq lqgxvwu|*v frpshwlwlyhqhvv dqg wrwdo zhoiduh1 Wkh txhvwlrq
lv zkhwkhu vzlwfklqj frvwv jlyh lqfhqwlyhv wr d srwhqwldo hqwudqw wr sod| pruh
djjuhvvlyho| lq wkh txdolw| glphqvlrq1 Wkh hqwudqw zrxog lq wklv fdvh vwurqjo|
glhuhqwldwh lwv surgxfw lq rughu wr uhvsrqg wr wkh lqfxpehqw*v vwudwhjlf xvh
ri vzlwfklqj frvwv/ dqg wr lpsuryh lwv srvlwlrq lq wkh pdunhw1 Exw wkdw pd|
kdyh qhjdwlyh lpsolfdwlrqv iru wkh lqgxvwu|*v ryhudoo frpshwlwlyhqhvv1 Rq wkh
rwkhu vlgh/ ehfdxvh ri vzlwfklqj frvwv/ wkh hqwudqw frxog kdyh wkh lqfhqwlyh wr
glhuhqwldwh lwv surgxfw ohvv lq rughu wr nhhs wkh lqfxpehqw xqdjjuhvvlyh lq
d vruw ri frooxvlyh rxwfrph1 Krzhyhu ohvv glhuhqwldwlrq frxog dovr lpso| d
pruh frpshwlwlyh lqgxvwu|/ ehfdxvh upv frxog frpshwh kdughu lq wkh sulfh
4Hxurshdq Xqlrq Frpplvvlrq/ cVhuylfhv ri Jhqhudo Lqwhuhvw lq Hxursh*/ <92F25;4236/
RM 5;4/ 59 Vhswhpehu 4<<91
5Wkhuh duh vhyhudo h{dpsohv ri wkh vwudwhjlf xvh ri vzlwfklqj frvwv e| dq lqfxpehqw1
Rqh ri wkhvh lv wkh ehkdylru ri Ghxwvfkh Whohnrp DJ/ wkh h{0prqrsrolvw lq wkh Jhupdq
{hg whohskrqh lqgxvwu|1 Dsulo 4<<;/ dv wklv lqgxvwu| zdv rshqlqj xs wr frpshwlwlrq/ wkh
lqfxpehqw suhvhqwhg d uhtxhvw wr wkh Jhupdq dxwkrulw| iru Srvw dqg Whohfrppxqlfdwlrqv/
zkhuh lw sursrvhg wr fkdujh 79 GP wr wkrvh ri lwv fxvwrphuv zkr zdqwhg wr shupdqhqwo|
fkdqjh wkhlu whohfrppxqlfdwlrqv vhuylfh surylghu yld suhvhohfwlrq1 Wkh frpshwlwlrq dx0
wkrulw| glg qrw dffhsw wklv uhtxhvw1 Lw ghflghg rq d ghfuhdvlqj sulfh sodq zklfk/ dv ri 4vw
Mdqxdu| 5333/ fkdujhv 43 GP dv d frvw0fryhulqj frqyhuvlrq udwh1
5
glphqvlrq1 Wklv sdshu dlpv wr vwxg| pruh ghhso| wklv lvvxh= wkh lqwhudf0
wlrq ehwzhhq vzlwfklqj frvwv dqg wkh surgxfw*v txdolw|1 Lq dgglwlrq/ zh duh
lqwhuhvwhg lq dqdo|}lqj krz wkhvh wzr vwudwhjlf yduldeohv lq xhqfh wkh hqwu|
surfhvv dqg surgxfw pdunhw frpshwlwlrq1
Zh suhvhqw d g|qdplf prgho ri sulfh frpshwlwlrq zlwk surgxfw glhu0
hqwldwlrq1 Frqvxphuv duh khwhurjhqhrxv ehfdxvh wkh| duh dvvxphg wr kdyh
glhuhqw wdvwhv iru txdolw|1 Zh frqvlghu wkdw wkh lqgxvwu| xqghu vwxg| lv
olehudol}hg1 Wkh uvw pryhu lv wkh hqwudqw zkr lqyhvwv/ e| dvvxpswlrq/ lq d
kljk txdolw| surgxfw1 Wkh fkrlfh ri wkh ghjuhh ri yhuwlfdo surgxfw glhuhqwld0
wlrq ghshqgv rq wkh frvwv ri txdolw| ru frvwv ri glhuhqwldwlrq/ zklfk duh
dvvxphg wr eh h{rjhqrxv dqg nqrzq1 Ghshqglqj rq wkh hqwudqw*v txdolw|
fkrlfh/ wkh prqrsrolvw fdq wu| wr orfn lq frqvxphuv wkurxjk wkh vwudwhjlf
xvh ri vzlwfklqj frvwv dqg lwv sulflqj ehkdylru ehiruh wkh vhfrqg up hqwhuv
wkh pdunhw16 Ilqdoo|/ diwhu hqwu| kdv rffxuuhg/ upv frpshwh lq wkh sulfh
glphqvlrq1
Wkhuh h{lvwv pxfk olwhudwxuh zklfk kdv dqdo|}hg wkh uroh ri vzlwfklqj
frvwv1 D slrqhhulqj zrun lv wkh sdshu e| YRQ ZHL]VÇFNHU ^4<;7`1 Kh
vwxglhg wkh lqwhudfwlrq ehwzhhq wkh h{rjhqrxv frvw ri vxevwlwxwlrq +l1h1
vzlwfklqj frvwv, dqg krul}rqwdo surgxfw glhuhqwldwlrq1 Wkh pdlq uhvxow lv
wkdw/ li frqvxphuv duh xqfhuwdlq derxw wkhlu ixwxuh suhihuhqfhv/ wkh ghjuhh
ri surgxfw glhuhqwldwlrq ghfolqhv dqg lqgxvwu| frpshwlwlyhqhvv lqfuhdvhv dv
vzlwfklqj frvwv ulvh17 Hyhq wkrxjk qr zhoiduh dqdo|vlv lv dwwhpswhg/ wkh
frqfoxvlrqv vxjjhvw wkdw vzlwfklqj frvwv pd| qrw eh dq lpshglphqw wr frp0
shwlwlrq/ dv wkrxjkw wr eh1
Wkh uroh ri frqvxphuv* h{rjhqrxv vzlwfklqj frvwv kdv dovr ehhq lqwhq0
vlyho| vwxglhg e| NOHPSHUHU ^4<;:d/ 4<;:e`18 Dv kh srlqwhg rxw ^w`kh
prvw reylrxv hhfw ri vzlwfklqj frvwv lv wr jlyh upv vrph pdunhw srzhu
ryhu wkhlu h{lvwlqj fxvwrphuv/ dqg wkxv wr fuhdwh wkh srwhqwldo iru prqrsro|
surwv1 Wklv hhfw pd| kdyh glhuhqw lpsolfdwlrqv1 Wkh h{lvwhqfh ri h{rjh0
qrxv vzlwfklqj frvwv fdq h{sodlq vrph sulflqj ehkdylru dv sulfh zduv +orz
sulfh lq wkh uvw shulrg wr orfn lq fxvwrphuv iroorzhg e| kljk sulfh lq wkh
vhfrqg shulrg wr h{wudfw prqrsro| uhqw,/ exw fdq dovr h{sodlq hqwu| ghwhu0
uhqfh19 Ixuwkhupruh NOHPSHUHU ^4<;;` kdv vkrzq wkdw/ zkhq wkhuh duh
6Wkhvh duh suredeo| rxu pdlq vlpsoli|lqj dvvxpswlrqv= zh dqdo|}h rqo| wkh fdvh ri d
kljk txdolw| hqwudqw/ dqg zh gr qrw doorz wkh lqfxpehqw wr uhvsrqg vwudwhjlfdoo| lq wkh
txdolw| glphqvlrq1
7Wkh dxwkru dvvxphv wkdw frqvxphuv pd| lq wkh ixwxuh fkdqjh wkhlu orfdwlrq dffrug0
lqj wr d vwrfkdvwlf surfhvv1
8Iru d ryhuylhz ri wkh uroh ri vzlwfklqj frvwv dqg wkh dssolfdwlrq wr glhuhqw hfrqrplf
hogv/ vhh dovr NOHPSHUHU ^4<<8`1
9D jhqhudol}dwlrq ri wklv nlqg ri prgho wr d ixoo| g|qdplf vhwwlqj lv rhuhg e| IDU0
6
h{rjhqrxv vzlwfklqj frvwv dqg surgxfwv duh qrw glhuhqwldwhg/ wkh hqwu| ri hi0
flhqw orz0frvw upv fdq eh vrfldoo| ghwulphqwdo ehfdxvh frpshwlwlrq dprqj
upv lv wrxjkhu dqg wkhuhiruh upv* surwv ghfuhdvh1:
Wkh sdshu wkdw zh wklqn wr eh forvhvw wr wkh vslulw ri rxu prgho lv
DJKLRQ dqg EROWRQ ^4<;:`1 Lq frqwudvw wr rxu vhwwlqj/ wkhlu prgho dv0
vxphv krprjhqhrxv surgxfwv dqg krprjhqhrxv frqvxphuv/ exw rq wkh rwkhu
vlgh lw dovr lqwurgxfhv xqfhuwdlqw| derxw hqwudqw*v frvwv/ zklfk lv qrw dq0
do|}hg lq rxu vhwwlqj1 Wkh| kdyh vkrzq wkdw orqj whup frqwudfwv/ zklfk
frqwdlq oltxlgdwhg gdpdjhv fodxvhv +l1h1 hqgrjhqrxv vzlwfklqj frvwv,/ fdq
eh xvhg e| d vhoohu dv d eduulhu wr hqwu|/ ohdglqj wr dq lqh!flhqw dqg dqwl0
frpshwlwlyh lqgxvwu|1 Dq hqwudqw frphv lqwr wkh pdunhw rqo| li lw lv pruh
frvw0h!flhqw wkdq wkh lqfxpehqw/ exw/ lq wkh suhvhqfh ri h{foxvlyh ghdolqj
frqwudfwv ehwzhhq ex|hu dqg vhoohu/ lw hqwhuv zlwk d vpdoohu suredelolw| wkdq
lq wkh vrfldo rswlpxp fdvh1
Dovr/ wkh prgho suhvhqwhg lq wklv sdshu fdq eh uhodwhg wr wkh olwhudwxuh
rq hqwu| dqg yhuwlfdo surgxfw glhuhqwldwlrq1 Wr wklv uhjdug/ krzhyhu/ rqh
vkrxog nhhs lq plqg wkdw jhqhudoo| wklv olwhudwxuh dqdo|}hv wkh fdvh lq zklfk
erwk upv frpshwh lq wkh txdolw| glphqvlrq1; Zh zloo lqvwhdg frqvlghu wkh
fdvh zkhuh rqo| wkh hqwudqw fdq xvh vwudwhjlfdoo| lwv txdolw| fkrlfh/ zkloh zh
frqfhqwudwh rq vzlwfklqj frvwv dv wkh lqfxpehqw*v pdlq vwudwhjlf yduldeoh1
Lq wkh olwhudwxuh/ wkxv/ wkhuh duh vwloo vrph rshq txhvwlrqv wr dqvzhu1
Wkh sdshu e| yrq Zhl}vçfnhu vxjjhvwv wkdw h{rjhqrxv vzlwfklqj frvwv pd|
uhgxfh surgxfw glhuhqwldwlrq dqg lq wklv vhqvh pd| qrw kdyh dqwlfrpshwlwlyh
hhfwv/ vlqfh ohvv glhuhqwldwlrq lpsolhv wkdw upv frpshwh kdughu lq wkh
sulfh glphqvlrq1 Rq wkh rwkhu vlgh Nohpshuhu dqg Djklrq dqg Erowrq frph
wr wkh frqfoxvlrq wkdw erwk h{rjhqrxv dqg hqgrjhqrxv vzlwfklqj frvwv pd|
jhqhudwh lqh!flhqf|/ exw wkh| gr qrw frqvlghu surgxfw glhuhqwldwlrq1 Rxu
frqwulexwlrq wulhv wr frqvlghu erwk lvvxhv +hqgrjhqrxv vzlwfklqj frvwv dqg
yhuwlfdo surgxfw glhuhqwldwlrq, vlpxowdqhrxvo|1<
UHOO dqg VKDSLUR ^4<;;`1 Lq wkhlu ryhuodsslqj0jhqhudwlrqv prgho wkh| kdyh vkrzq
wkdw/ li hfrqrplhv ri vfdoh +ru qhwzrun h{whuqdolwlhv, duh prghudwh/ wkh lqfxpehqw whqgv
wr h{sorlw lwv h{lvwlqj ex|huv dqg wr frpshwh ohvv kdugo| iru wkh qhz fxvwrphuv1 Wkhuh lv
wkhq wrr pxfk +lqh!flhqw, hqwu|1
:Lq klv prgho frqvxphuv* vxusoxv lv/ lqvwhdg/ dozd|v lqfuhdvhg e| qhz hqwu|/ exw wklv
srvlwlyh hhfw pd| eh grplqdwhg e| wkh qhjdwlyh hhfw rq surwv1
;Vhh iru lqvwdqfh OXW] ^4<<:`1 Kh kdv vkrzq/ zlwk d prgho yhu| vlplodu wr wkh rqh zh
kdyh dgrswhg/ wkdw wkh delolw| ri dq lqfxpehqw wr ghwhu hqwu| wkurxjk wkh vwudwhjlf xvh ri
lwv surgxfw*v txdolw| fuxfldoo| ghshqgv rq {hg frvwv/ txdolw| ghshqghqw frvwv dqg pdunhw
vl}h1 Wkh pdlq uhihuhqfh iru d prgho ri yhuwlfdo surgxfw glhuhqwldwlrq lv e| VKDNHG
dqg VXWWRQ ^4<;5`1
<Dqrwkhu uhodwhg sdshu lv e| FDUPLQDO dqg PDWXWHV ^4<<3`1 Wkh| dqdo|}h d
gxrsro| vhwwlqj zlwk krul}rqwdo surgxfw glhuhqwldwlrq dqg hqgrjhql}h vzlwfklqj frvwv/
7
Zlwk uhvshfw wr wkh zrunv e| yrq Zhl}vçfnhu dqg Nohpshuhu rxu prgho
zloo dqdo|}h hqgrjhqrxv +frqwudvw wr h{rjhqrxv, vzlwfklqj frvwv1 Ixuwkhu0
pruh zh dovr lqwurgxfh yhuwlfdo surgxfw glhuhqwldwlrq/ zklfk zdv qrw vwxglhg
lq Nohpshuhu*v sdshuv/ zkhuhdv yrq Zhl}vçfnhu dqdo|}hg krul}rqwdo surgxfw
glhuhqwldwlrq1 Rxu sdshu fdq dovr eh vhhq dv d vruw ri jhqhudol}dwlrq ri
Djklrq*v dqg Erowrq*v prgho zlwk uhvshfw wr wkh dvvxpswlrqv rq frqvxphuv*
khwhurjhqhlw| dqg surgxfw glhuhqwldwlrq1
Rxu pdlq uhvxow lv wkdw wkh gholehudwh xvh ri vzlwfklqj frvwv e| wkh lq0
fxpehqw uhgxfhv wkh ghjuhh ri surgxfw glhuhqwldwlrq zlwk uhvshfw wr wkh qr
vzlwfklqj frvwv fdvh1 Wklv qglqj lv vlplodu wr YRQ ZHL]VÇFNHU*v ^4<;7`
uhvxow/ hyhq wkrxjk wkh irufhv ohdglqj wr lw duh yhu| glhuhqw dv zhoo dv wkh
lpsolfdwlrqv iru lqgxvwu|*v frpshwlwlyhqhvv1 Lq rxu fdvh/ lq idfw/ lw lv wkh
lqfxpehqw*v vwudwhj| wr uhgxfh wkh hqwudqw*v lqfhqwlyh wr glhuhqwldwh dqg
qrw h{rjhqrxv idfwruv lq wkh pdunhw1 Zh vkdoo ixuwkhu vkrz wkdw/ ghshqglqj
rq wkh hqwudqw*v lqyhvwphqw frvwv ri ghyhorslqj txdolw|/ glhuhqw htxloleulxp
rxwfrphv pd| hphujh1 Lq sduwlfxodu/ li wkhvh frvwv duh yhu| orz/ wkh hqwudqw
vwurqjo| glhuhqwldwhv lwv surgxfw dqg erwk upv vhw sulfhv yhu| djjuhvvlyho|/
hyhq pruh vr wkdq zlwkrxw vzlwfklqj frvwv1 Zkhq wkh frvwv ri glhuhqwld0
wlrq duh lq wkh plggoh udqjh/ zh revhuyh ohvv surgxfw glhuhqwldwlrq dqg d
orrvhu frpshwlwlrq= erwk upv vshfldol}h rq d jurxs ri frqvxphuv dqg h{0
wudfw d prqrsro| uhqw iurp wkhp1 Wklv qglqj glhuv iurp vwdqgdug uhvxowv
ri wkh olwhudwxuh rq yhuwlfdo surgxfw glhuhqwldwlrq vlqfh lq rxu prgho kljkhu
hqwudqw*v txdolw| lpsolhv dq kljkhu ghjuhh ri frpshwlwlrq1 Ilqdoo|/ iru kljk
lqyhvwphqwv frvwv hqwu| lv ghwhuuhg e| wkh vwudwhjlf xvh ri vzlwfklqj frvwv1
Wklv vxjjhvwv wkdw DJKLRQ*v dqg EROWRQ*v ^4<;:` uhvxow krogv wuxh dovr
zkhq rqh lqwurgxfhv surgxfw glhuhqwldwlrq1 Ixuwkhupruh/ zh fdq dovr vkrz
wkdw wrwdo zhoiduh lv dozd|v ghfuhdvhg e| vzlwfklqj frvwv/ hyhq lq wkh fdvh lq
zklfk wkh| hqkdqfh lqgxvwu|*v frpshwlwlyhqhvv1 Wklv odvw qglqj vhhpv wr
eh lq olqh zlwk NOHPSHUHU ^4<;;`1
Wkh prgho lv ghvfulehg lq Vhfwlrq 51 Lq Vhfwlrq 6 zh suhvhqw wkh vroxwlrq
ri wkh sulfh vhwwlqj jdph= uvw zh dqdo|}h wkh ehqfkpdun fdvh ri qr vzlwfklqj
frvwv/ wkhq zh suhvhqw wzr fdqglgdwh htxloleuld/ dqg qdoo| zh glvfxvv wkh
htxloleulxp rxwfrph ri wkh sulfh vhwwlqj jdph dqg pdnh vrph frpsdudwlyh
vwdwlf dqdo|vlv zlwk uhvshfw wr hqwudqw*v txdolw|1 Lq Vhfwlrq 7 zh suhvhqw
wkh hqwudqw*v txdolw| fkrlfh/ dqg qdoo| dqdo|}h zhoiduh lpsolfdwlrqv zklfk
hqdeohv xv wr suhvhqw vrph srolf| vxjjhvwlrqv1 Vhfwlrq 8 frqfoxghv wkh sdshu
zlwk vrph uhpdunv1
zklfk wkh| gr e| frqvlghulqj wzr dowhuqdwlyh upv* vwudwhjlhv= sulfh suhfrpplwphqw dqg
wkh xvh ri frxsrqv1 Ghshqglqj rq wkh nlqg ri prgho dgrswhg wkh| qg wkdw vzlwfklqj frwv
pd| lqfuhdvh ru ghfuhdvh lqgxvwu| frpshwlwlyhqhvv dqg zhoiduh1
8
5 Wkh Prgho
Wkh prgho lv irupdol}hg dv d wkuhh vwdjh jdph1 Wkh sod|huv duh dq lqfxpehqw
+U,/ dq hqwudqw +.,/ dqg frqvxphuv +|,1
Zh dvvxph wkdw dw d jlyhq srlqw lq wlph wkh lqgxvwu| xqghu frqvlghudwlrq/
zklfk lv vhuyhg e| d prqrsrolvw/ lv rshqhg wr frpshwlwlrq143 Wkh prqrsr0
olvw*v frpshwlwlyh dgydqwdjh lv wr kdyh douhdg| lqyhvwhg lq wkh txdolw| ohyho
^U ' / dqg wkxv lw grhv qrw idfh vxqn lqyhvwphqw frvwv gxulqj wkh jdph1
44
Wkh hqwudqw/ lqvwhdg/ kdv wr pdnh d qhz lqyhvwphqw lq whfkqrorj|1 Vlqfh lw
frphv odwhu lqwr wkh pdunhw/ lw fdq hqmr| e| dvvxpswlrq d pruh ghyhorshg
whfkqrorjlfdo hqylurqphqw/ zklfk doorzv lw wr vhw xs d kljkhu surgxfw txdo0
lw| wkdq wkh lqfxpehqw1 Wkxv/ wkh hqwudqw lv lq rxu prgho wkh kljk txdolw|
surylghu145 Zh dvvxph iru vlpsolflw| wkdw wkh hqwudqw*v ghflvlrq lv pdgh dw
wkh yhu| ehjlqqlqj ri wkh jdph +lq shulrg 3,1 D prwlydwlrq iru wklv wlplqj
fdq eh wkdw lqyhvwphqw*v ghflvlrqv qhhg vrph wlph wr eh lpsohphqwhg1 Li wkh
hqwudqw fkrrvhv wr lqyhvw lq txdolw|/ wklv phdqv wkdw lw zloo hqwhu wkh pdunhw
lq shulrg 51 Wkh frvwv wr vhw xs wkh ghvluhg txdolw| ohyho duh frqyh{ dqg
uhsuhvhqwhg e| wkh iroorzlqj ixqfwlrq=
S. E^. ' S 
^.
E2 ^.
c +4,
zkhuh S lv d frvw sdudphwhu1 Wklv frvw ixqfwlrq lpsolhv wkdw wkh frvwv iru
txdolw| duh srvlwlyh iru ^. : f dqg lqfuhdvh wr lqqlw| zlwk ^. jrlqj wr 51 Dq
hfrqrplf lqwhusuhwdwlrq lv wkdw hqwudqw*v lqqrydwlrq lv qrw gudvwlf/ l1h1 wkh
hqwudqw*v surgxfw txdolw| fdq qrw eh vr kljk wkdw wkh lqfxpehqw*v surgxfw lv
furzghg rxw frpsohwho|146
Lq wkh uvw shulrg wkh lqfxpehqw rhuv d frqwudfw zkhuh/ jlyhq lwv h{0
rjhqrxv txdolw| ohyho +^U ' ,/ lw ghwhuplqhv lwv uvw shulrg sulfh RU dqg wkh
ohyho ri vzlwfklqj frvwv r147 Frqvxphuv fkrrvh zkhwkhu wkh| zdqw wr ex| lq
wklv shulrg1 Wkh| nqrz wkdw e| vljqlqj wkh lqfxpehqw*v frqwudfw wkh| irujr
vrph ehqhwv ri srwhqwldo hqwu|/ ehfdxvh ri wkh srvvleoh orfn lq hhfw wkdw
43Wkdw lv zkdw kdsshqhg lq pdq| qhwzrun lqgxvwulhv lq wkh odvw |hduv1 Iru wkh fdvh ri
Hxursh vhh iru lqvwdqfh EHUJPDQ dqg DO1 ^4<<;`1
44Lqfxpehqw*v txdolw| lv wkhq h{rjhqrxv dqg qrupdol}hg wr 41
45Dqdo|wlfdoo| wklv dvvxpswlrq lpsolhv tH A tL @ 4=
46Vhh DJKLRQ dqg KRZLWW ^4<<5` iru d glvfxvvlrq rq gudvwlf lqqrydwlrq1 Hyhq wkrxjk
lw lv d vwurqj vlpsoli|lqj dvvxpswlrq/ zh gr qrw wklqn wkdw lw frxog fkdqjh wkh pdlq uhvxowv
ri wkh prgho1 Zh h{shfw/ lq idfw/ wkdw uhod{lqj wklv dvvxpswlrq wkh pdlq glhuhqfh zrxog
eh wkh srvvleoh h{lvwhqfh ri ixuwkhu htxloleuld1
47Vzlwfklqj frvwv duh ghwhuplqhg lq wkh uvw shulrg frqwudfw/ exw wkh| duh sd|hg rqo|
lq wkh vhfrqg shulrg e| wkrvh lqfxpehqw*v dwwdfkhg frvwxphuv zkr zdqw wr fkdqjh up
d!oldwlrq1
9
vzlwfklqj frvwv lpso|1
Dw wkh ehjlqqlqj ri wkh vhfrqg shulrg wkh hqwudqw rhuv d frqwudfw zkhuh
lwv surgxfw*v txdolw| ohyho +^., dqg lwv sulfh +R., duh ghwhuplqhg1 Vlpxowdqh0
rxvo| wkh lqfxpehqw dovr rhuv d frqwudfw zkhuh d vhfrqg shulrg sulfh +RUc2,
lv vshflhg148 Diwhu kdylqj revhuyhg wkh frqwudfwv/ frqvxphuv ghflgh zkhwkhu
wkh| zdqw wr vwd| e| wkh lqfxpehqw/ zkhwkhu wkh| zdqw wr vzlwfk wr wkh hq0
wudqw/ ru zkhwkhu wkh| zdqw wr ehjlq wr ex| +lq fdvh wkh| glg qrw frqvxph
hduolhu, hlwkhu iurp wkh hqwudqw ru iurp wkh lqfxpehqw1 Odwhu rq lq wkh sdshu
zh zloo uhihu wr wkh uvw shulrg sxufkdvhuv dv dwwdfkhg fxvwrphuv dqg wr
wkh frqvxphuv zkr ex| rqo| lq wkh vhfrqg shulrg dv wkh qhz fxvwrphuv1
Wkhuh lv d frqwlqxxp ri khwhurjhqhrxv frqvxphuv fkdudfwhul}hg e| d wdvwh
+lqfrph, sdudphwhu |/ zklfk lv glvwulexwhg xqlirupo| ryhu wkh lqwhuydo dfc o1
Wkh kljkhu wklv sdudphwhu lv/ wkh pruh frqvxphu | olnhv txdolw|1 Wkh shu
shulrg xwlolw| ixqfwlrq ri frqvxphu | wdnhv d vlpsoh olqhdu irup dqg lv jlyhq
e|=
| ' |^  Rc +5,
zkhuh  ' Uc.1 Frqvxphuv* rxwvlgh rswlrq jxdudqwhhv d xwlolw| ohyho ri
}hur1
6 Vroxwlrq ri wkh Sulfh Vhwwlqj Jdph
Zh orrn iru wkh vxejdph shuihfw htxloleulxp lq sxuh vwudwhj|1 Zh wkhq vroyh
wkh jdph e| edfnzdug lqgxfwlrq vwduwlqj iurp wkh vhfrqg shulrg1 Doo djhqwv
duh shuihfwo| udwlrqdo dqg wkhuh lv frpsohwh exw lpshuihfw lqirupdwlrq149
Wr ghwhuplqh ghpdqg lq wkh vhfrqg shulrg/ zh qhhg wr nqrz zkr duh
wkh orfnhg lq frqvxphuv lq rughu wr vroyh wkh prgho edfnzdug1 Lq wkh uvw
shulrg wkh frqvxphuv* ghflvlrq lv olplwhg wr d elqdu| fkrlfh= wkh| fdq ex| rqh
jrrg iurp wkh lqfxpehqw ru qrw ex| dw doo1 Zh dvvxph wkdw frqvxphuv duh
udwlrqdo/ wklv lpsolhv wkdw lq wkh uvw vwdjh wkh| ghflgh wdnlqj lqwr dffrxqw
qrw rqo| wkhlu xwlolw| lq wkdw shulrg exw dovr wkhlu xwlolw| lq wkh qh{w rqh1 Lq
sduwlfxodu wkh| frqvlghu wkdw wr ex| wrgd| phdqv wr eh srvvleo| orfnhg lq
e| wkh lqfxpehqw lq wkh ixwxuh1 Zh ghqrwh xwlolw| lq wkh uvw shulrg dv |+/
zkhuh + ' fc U/ dqg xwlolw| lq wkh vhfrqg shulrg dv |+c%/ zkhuh % ' fc Uc .1
48Qrwh wkdw/ dowkrxjk zh gr qrw doorz wkh lqfxpehqw wr glvfulplqdwh ehwzhhq dwwdfkhg
frvwxphuv dqg qhz frqvxphuv/ vzlwfklqj frvwv dfw dfwxdoo| dv d glvfulplqdwru| ghylfh1 Vhh
EHVWHU dqg SHWUDNLV ^4<<9`1
49Wklv lv ehfdxvh upv sulfh vlpxowdqhrxvo| lq wkh vhfrqg shulrg1
:
Frqvxphuv wkhq frpsduh lq wkh uvw shulrg wkh vxp ri wkh xwlolwlhv wkh| jhw
xqghu wkh glhuhqw rswlrqv= |+ n 
|
+c%1
4:
Uhpdun Lq wkh uvw vwdjh wkhuh h{lvwv d xqltxh fxw0r frqvxphu + |f, zkr
lv lqglhuhqw zlwk uhvshfw wr ex| ru qrw wr ex|/ iru hyhu| ydoxh ri wkh
vhfrqg shulrg sulfhv1
Wklv uhvxow lv vlplodu wr wkh vr fdoohg vlqjoh furvvlqj frqglwlrq lq wkh
vljqdoolqj olwhudwxuh14; Lw vwhpv iurp wkh dvvxpswlrqv wkdw djhqwv* suhihuhqfhv
duh prqrwrqlfdoo| lqfuhdvlqj lq |/ dqg wkdw wkh vorsh ri wkh suhihuhqfh fxuyhv
ri kljkhu w|shv +l1h1 w|shv zkr ex| kljk txdolw|, lv eljjhu wkdq wkrvh ri
zruvh w|shv vlqfh ^. : ^U ' 1 Doo frqvxphuv zlwk d w|sh kljkhu wkdq |f
ex| dqg doo wkrvh zlwk w|sh orzhu wkdq |f gr qrw ex|1 Wkxv/ lq wkh vhfrqg
shulrg E  |f frqvxphuv kdyh douhdg| erxjkw/ dqg pxvw sd| r li wkh| zdqw
wr fkdqjh up d!oldwlrq1 Lq wkh olwhudwxuh wklv lv fdoohg wkh orfnhg lq hhfw1
Wkhlu vhfrqg shulrg xwlolw| lv wkhuhiruh jlyhq e|=
|Uc% '
;?
=
f
| RUc2
|^.  R.  r
li
% ' f
% ' U
% ' .

Dovr/ wkhuh duh |f frqvxphuv zkr ghflghg lq wkh uvw shulrg qrw wr ex|1
Iru wkhp wkh vhfrqg shulrg xwlolw| ixqfwlrq fdq dvvxph wkh iroorzlqj ydoxhv=
|fc% '
;?
=
f
| RUc2
|^.  R.
li
% ' f
% ' U
% ' .

Ghshqglqj rq sulfhv/ vzlwfklqj frvwv/ dqg hqwudqw*v txdolw| zh fdq qrz
ghqh vrph vhfrqg shulrg fxw0r fxvwrphuv | e| frpsdulqj xwlolw| ohyhov e|
sdluv1 Lq Wdeoh 4 zh uhsruw wkh srvlwlrq ri wkh lqglhuhqw frqvxphuv1 Iru
h{dpsoh/ uhdglqj wkh uvw olqh ri Wdeoh 4/ doo frqvxphuv zlwk d w|sh orzhu
wkdq | erxjkw lq wkh uvw shulrg dqg lq wkh vhfrqg shulrg wkh| ghflgh wr
ex| iurp wkh lqfxpehqw +jhwwlqj |UcU,/ dqg doo w|shv kljkhu wkdq | erxjkw
lq wkh uvw shulrg dqg lq wkh vhfrqg shulrg vzlwfk wr wkh hqwudqw +jhwwlqj
|Uc.,1
4:Qrwh wkdw/ iru vlpsolflw|/ zh gr qrw lqwurgxfh d glvfrxqw idfwru1 Rxu vshflfdwlrq
lpsolflwo| dvvxphv wkdw lw lv htxdo wr 4/ dqg wklv phdqv wkdw frqvxphuv duh yhu| sdwlhqw1
4;Vhh iru lqvwdqfh IXGHQEHUJ dqg WLUROH ^4<<4` sj1 58<1
;
Wdeoh 41 Vhfrqg Shulrg Lqglhuhqfh Ydoxhv
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Wkh fxw0r frqvxphuv* srvlwlrq/ l1h1 wkh uhodwlrq ehwzhhq wkh |*v/ gh0
whuplqhv wkh ghpdqg iru hlwkhu upv14< Ghshqglqj rq wkh dfwxdo fkrlfh ri
txdolw| +zklfk ghshqgv rq wkh frvw sdudphwhu, wkdw ghwhuplqhv wkh fkrlfh
ri wkh vzlwfklqj frvwv ohyho dqg ri sulfhv/ vhyhudo glhuhqw ghpdqg frqjx0
udwlrqv duh srvvleoh153 Lq zkdw iroorzv zh zloo slfn rxw wzr srvvleoh ghpdqg
frqjxudwlrqv/ rxu fdqglgdwh htxloleuld1 Wkhq/ lq Sursrvlwlrq 4/ zh zloo
vkrz wkdw wkh| duh sduw ri wkh htxloleulxp rxwfrph ri wkh sulfh vhwwlqj jdph/
zkhuh wkh fkrlfh ri wkh htxloleulxp ghshqgv rq wkh txdolw| fkrlfh dqg wkxv
rq wkh dfwxdo frvw ri surgxflqj txdolw|1
Zh jlyh d qrwdwlrq iru wkh ghpdqg ixqfwlrqv1 Lq wkh uvw shulrg (U E '
E |f E frqvxphuv ex| iurp wkh lqfxpehqw1 Lq wkh vhfrqg shulrg wkh
lqfxpehqw dwwudfwv (UcU E ri lwv dwwdfkhg fxvwrphuv/ dqg (fcU E ri wkh |f
frqvxphuv zkr glgq*w ex| lq wkh suhylrxv shulrg1 Wkh hqwudqw vhuyhv(Uc. E
ri wkh frqvxphuv zkr erxjkw lq wkh uvw shulrg/ dqg (fc. E ri wkrvh zkr
zdlwhg1
Zh ixuwkhu dvvxph wkdw erwk upv kdyh }hur pdujlqdo frvwv ri surgxfwlrq1
Zh fdq qrz zulwh upv* sd|rv lq d jhqhudo irup dv iroorzv=
ZU E^.c RU c rc RUc2c R. ' RU(U E n RUc2 d(UcU E n(fcU Eo n r(Uc. E c +6,
dqg
Z. E^.c RU c rc RUc2c R. ' R. d(Uc. E n(fc. Eo S. E^.  +7,
Doo frqvxphuv zkr vzlwfk pxvw sd| wkh lqfxpehqw d vzlwfklqj frvw r/
dqg iru wklv uhdvrq (Uc. E dsshduv lq wkh lqfxpehqw*v surw ixqfwlrq1
4<Wkh srvlwlrq ri wkh lqglhuhqw frqvxphuv uhvxowv lq vrph uhvwulfwlrqv rq wkh vwudwhjlf
yduldeohv1 Wkhvh uhvwulfwlrqv pxvw eh vdwlvhg lq htxloleulxp/ lq zklfk fdvh zh duh doorzhg
wr vd| wkdw wkrvh sduwlfxodu ghpdqgv h{lvw/ dqg ohdg wr dq htxloleulxp rxwfrph1
53Zh suhvhqw doo wkh srvvleoh ghpdqg frqjxudwlrqv lq Dsshqgl{ 41
<
614 Wkh Ehqfkpdun Fdvh
Wkh ehqfkpdun fdvh zh frqvlghu lv wkdw ri qr vzlwfklqj frvwv154 Li wkhuh duh
qr vzlwfklqj frvwv/ wkh vroxwlrq ri wkh prgho ehfrphv pxfk vlpsohu wkdq lq
wkh jhqhudo fdvh/ ehfdxvh frqvxphuv fdqqrw eh orfnhg lq e| wkh lqfxpehqw
dqg wkhuhiruh wkh wzr shulrgv duh qrw vwudwhjlfdoo| olqnhg1 Lq wkh vhfrqg
shulrg wkh rqo| srvvleoh ghpdqg frqjxudwlrq lv (+cU E ' E|e  |2 dqg
(+c. E ' E  |e iru hyhu| + ' fc U1
Qrwh wkdw lq wklv fdvh lw lv qrw uhohydqw zkdw kdsshqhg lq wkh suhyl0
rxv vwdjh dqg vhfrqg shulrg sulfhv ghshqgv rqo| xsrq wkh hqwudqw*v txdolw|1
Vroylqj wkh pd{lpl}dwlrq sureohpv zh rewdlq=
eRUc2 ' ^.  
e^.  
c +8,
eR. ' 2^. E^.  
e^.  
 +9,
Vlqfh wkhuh duhq*w vzlwfklqj frvwv/ lq wkh uvw shulrg frqvxphuv wdnh wkhlu
ghflvlrq lqghshqghqwo| ri zkdw zloo kdsshq lq wkh vhfrqg1 Wkh ydoxh ri |f
lv wkhq htxdo wr RU 155 Wkh lqfxpehqw idfhv d uvw shulrg ghpdqg (U E '
E |f1 Wkh vroxwlrq lv wkh vwdqgdug prqrsro| vroxwlrq=
eRU ' 
2
 +:,
Iljxuh 4 vkrzv wkh vhfrqg shulrg xwlolw| ohyhov dqg ghpdqg iru wkh ehqfk0
pdun fdvh zkhq ^. ' D156 Kdoi ri wkh frqvxphuv ex| lq wkh uvw shulrg157
Lq wkh vhfrqg shulrg doo wkhvh frqvxphuv vzlwfk wr wkh hqwudqw1 Vrph ri wkh
frqvxphuv zkr zdlwhg lq wkh uvw shulrg ex| lq wkh vhfrqg iurp wkh hqwudqw/
vrph iurp wkh lqfxpehqw/ dqg wkh yhu| orz w|sh grq*w ex| dw doo lq hlwkhu
54Lw lv zruwk qrwlqj wkdw wklv pd| eh d vhfrqg ehvw vroxwlrq/ zklfk lv wkh prvw uhdvrqdeoh
lq whupv ri lpsohphqwdeoh frpshwlwlrq srolf|1 Zh wklqn wkdw wkh prvw lqwhuhvwlqj dqdo|vlv
lv wr frpsduh pdunhw shuirupdqfh lq wkh fdvh ri vzlwfklqj frvwv yhuvxv wkh fdvh ri qr
vzlwfklqj frvwv1 Orrnlqj iru wkh uvw ehvw zrxog phdq wr qg wkh ohyho ri vzlwfklqj frvwv
zklfk pd{lpl}hv wrwdo zhoiduh dqg zklfk pd| hyhq lpso| d vxevlg| wr vzlwfk1
55Lq idfw xL @ 3 lpsolhv w3 @ sL 1
56Qrwh wkdw wkh jxuh hqwdlov wkh htxloleulxp sulfhv iru wkh jlyhq txdolw| ohyho dqg wkdw
wkh dvvxphg txdolw| ohyho lv qrw wkh rswlpdo txdolw| ohyho/ zklfk zloo eh odwhu ghulyhg
hqgrjhqrxvo| dv d ixqfwlrq ri wkh txdolw| frvw sdudphwhu f1 Wr gudz wkh slfwxuh zh slfnhg
xs rqh srvvleoh txdolw| ohyho1
57Qrwh wkdw wklv lv d jhqhudo surshuw|/ vlqfh wkh qxpehu ri frqvxphuv zkr ex| lq wkh
uvw shulrg +4  w3, grhv qrw ghshqg rq tH 1 Wklv lv ehfdxvh w3 @ sL @ 4@5 iru hyhu|
tH 5 +4>5, =
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Iljxuh 4= Wkh ehqfkpdun fdvh= Ghpdqg +^. ' D,1
shulrg1 Lq wkh ehqfkpdun fdvh doo wkh kljk w|sh frqvxphuv/ l1h1 wkrvh zkr
kdyh d kljk |/ vzlwfk wr wkh kljk txdolw| surylghu1
615 Iluvw Fdqglgdwh Htxloleulxp
Zh fdq qrz suhvhqw rxu uvw fdqglgdwh htxloleulxp1 Lq zkdw iroorzv zh zloo
frqfhqwudwh rq rqh sduwlfxodu ghpdqg frqjxudwlrq +Fdvh 4 lq Dsshqgl{ 4,
zklfk h{lvwv xqghu sduwlfxodu uhvwulfwlrqv rq wkh vhw ri sulfhv/ ghwhuplqhg e|
wkh srvlwlrq ri wkh lqglhuhqw frqvxphuv1
Li wkh fxw r frqvxphuv duh srvlwlrqhg dv iroorzv=  A | : |f : |e : |2 A
f/ wkhq wkh uhvxowlqj ghpdqg frqjxudwlrq lv= (U E ' E  |f/ (fcU E '
E|e  |2/ (UcU E ' E|  |f/ (fc. ' E|f  |e/ (Uc. E ' E  |1 Zh zloo
qrz vroyh wkh jdph jlyhq wklv ghpdqg dqg fkhfn dw wkh hqg zkhwkhu wkh
htxloleulxp rxwfrph zh zloo ghulyh lv vxfk wkdw wkh lqglhuhqw frqvxphuv
fdq dfwxdoo| eh srvlwlrqhg dv zh dvvxphg1
Lq wkh vhfrqg vwdjh wkh lqfxpehqw pd{lpl}hv lwv surw zlwk uhvshfw wr
RUc2/ dqg wkh hqwudqw pd{lpl}hv lwv surw zlwk uhvshfw wr R.1 Vroylqj wkh uvw
rughu frqglwlrqv wrjhwkhu/ zh rewdlq wkh rswlpdo vhfrqg shulrg sulfhv dv d
ixqfwlrq ri |fc rc dqg ^.1 Qrwh wkdw |f lv d ixqfwlrq ri rc RU c dqg ^. dv zhoo/
44
exw lq wkh vhfrqg shulrg lv wdnhq dv jlyhq1 Zh fdq zulwh wkhq wkh rswlpdo
vhfrqg shulrg sulfhv iru wklv ghpdqg frqjxudwlrq dv=
hRUc2 ' E^.   E|f   r
2 E2^. n 
c +;,
hR. ' ^2. E|f n  ^.Ern |f 
2 E2^. n 
 +<,
Lqfxpehqw*v vhfrqg shulrg sulfh ghfuhdvhv zlwk wkh qxpehu ri frqvxphuv
zkr grq*w ex| lq wkh uvw shulrg +|f,/ zkhuhdv hqwudqw*v sulfh lqfuhdvhv lq |f
dv rqh zrxog h{shfw158 Lq idfw iru hyhu| ^. 5 Ec 2 zh rewdlq=
YhRUc2
Y|f
' 3^.
2E2^.n
	 f dqg YhR.
Y|f
' ^.E^.3
2E2^.n
: f 
Iljxuh 5= Iluvw fdqglgdwh htxloleulxp= Ghpdqg +^. ' .,1
58Wklv uh hfwv lqfxpehqw*v vwudwhjlf lqfhqwlyh jlyhq e| wkh orfn lq hhfw1 Li ihz frq0
vxphuv duh orfnhg lq/ lq idfw/ wkh lqfxpehqw pxvw vhw wkh vhfrqg shulrg*v sulfh pruh
djjuhvvlyho| wr frpshwh iru wkh qhz frvwxphuv1
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Ehiruh vroylqj wkh uvw shulrg zh pxvw ghwhuplqh |f dv d ixqfwlrq ri wkh
uvw shulrg ghflvlrq yduldeohv1 Orrnlqj dw Iljxuh 5 rqh fdq vhh wkdw/ xqghu wkh
frqglwlrq zh dvvxphg/ wkh fxw0r frqvxphu zkr lv lqglhuhqw ehwzhhq ex|lqj
ru qrw lq wkh uvw shulrg pdnhv lwv fkrlfh nqrzlqj wkdw li lw grhv qrw ex|/ lw
zloo ex| iurp wkh hqwudqw lq wkh qh{w shulrg/ dqg li lw ex|v/ lw zloo eh orfnhg
lq e| wkh lqfxpehqw lq shulrg 5159 lw frpsduhv wkdq |ff n
|f
fc. dqg 
|f
U n
|f
UcU wr
wdnh lwv uvw vwdjh ghflvlrq1 Zh rewdlq wkhq |f ' ERU n RUc2  R. * E2  ^.1
Dv h{shfwhg wkh qxpehu ri frqvxphuv zkr gr qrw ex| lq wkh uvw shulrg
+|f, lqfuhdvhv zlwk lqfuhdvlqj uvw dqg vhfrqg shulrg lqfxpehqw sulfhv/ zkloh
ghfuhdvhv zlwk dq lqfuhdvlqj hqwudqw*v sulfh1 Vxevwlwxwlqj +;, dqg +<, lq wkh
xwlolw| ixqfwlrqv zh fdq vroyh iru h|f=
h|f ' 2RU E2^. n  ^2. n ^. Ern  n r
 E^2.  2^.  
 +43,
Lq wklv fdqglgdwh htxloleulxp wkh qxpehu ri frqvxphuv zkr zdlw lq wkh
uvw shulrg lqfuhdvhv erwk lq RU dqg lq r1 Frqvxphuv duh ohvv zloolqj wr ex|
lq wkh uvw shulrg li wkh lqfxpehqw*v surgxfw lv yhu| h{shqvlyh/ ru li wkh|
nqrz wkdw wkh frvw iru vzlwfklqj lq wkh qh{w shulrg lv yhu| kljk1 Lq idfw iru
hyhu| ^. 5 Ec 2 lw krogv=
Yh|f
YRU
'  2E2^.n
E^2.32^.3
c dqg Yh|f
Yr
'  ^.n
E^2.32^.3
: f : f
Qrz zh fdq vxevwlwxwh +;,/ +<,/ dqg +43, lq wkh lqfxpehqw*v surw ixqfwlrq
dqg vroyh wkh uvw shulrg pd{lpl}dwlrq sureohp1 Lq wkh uvw shulrg wkh
lqfxpehqw fkrrvhv RU dqg r=
hRU ' ^2.  2^.  
^. n 
c +44,
hr ' E^.   E2^. n 
2 E^. n 
c +45,
dqg vxevwlwxwlqj lq +;, dqg +<,/ zh rewdlq wkh rswlpdo vhfrqg shulrg sulfhv
dv d ixqfwlrq ri ^.=
hRUc2 ' ^.  f^2. n e^. n 
S E^. n  E^2.  2^.  
c +46,
hR. ' S^e.  e^.  e^2. n b^. n 
S E^. n  E^2.  2^.  
 +47,
59Djdlq/ wklv jxuh hqwdlov wkh htxloleulxp sulfhv1 Lq wklv fdvh zh xvh tH @ 4=: ehfdxvh/
dv zh zloo odwhu vkrz/ wklv ghpdqg frqjxudwlrq lv sduw ri wkh htxloleulxp rxwfrph rqo|
iru kljk txdolw| ohyhov1
46
Odwhu rq zh zloo pdnh vrph frpsdudwlyh vwdwlf dqdo|vlv zlwk uhvshfw wr
^.1 Wr frqfoxgh wklv ghvfulswlrq zh fdq qrz lqvhuw wkh rswlpdo sulfhv lq +43,
dqg rewdlq wkh htxloleulxp qxpehu ri frqvxphuv zkr gr qrw ex| lq wkh uvw
shulrg dv d ixqfwlrq ri hqwudqw*v txdolw|=
h|f ' e^2.  .^.  
S E^2.  2^.  

Lw lv vwudljkwiruzdug wr vkrz wkdw/ iru hyhu| ^. 5 Ec 2/ wkh qxpehu ri
frqvxphuv zkr gr qrw ex| lq wkh uvw shulrg ghfuhdvhv zlwk ^./ vlqfh=
_|f
_^.
'  ^
2
. n 2^.  
S E^2.  2^.  
2 	 f
Wklv uhvxow vhhpv frxqwhu lqwxlwlyh ehfdxvh rqh frxog h{shfw wkh qxpehu
ri uvw shulrg ex|huv wr ghfuhdvh dv hqwudqw*v txdolw| lqfuhdvhv/ vlqfh hqwudqw*v
surgxfw lq wkh vhfrqg shulrg lv pruh ydoxdeoh iru frqvxphuv li lw kdv d kljkhu
txdolw|1 Exw/ dv zh douhdg| phqwlrqhg/ wkhuh duh glhuhqw wudgh0rv wr frq0
vlghu1 Wkh kljkhu wkdw dq hqwudqw*v txdolw| lv/ wkh orzhu wkh lqfxpehqw*v
uvw shulrg sulfh= wkh lqfxpehqw pxvw vhw d orzhu sulfh lq wkh prqrsro|
shulrg lq rughu wr eh deoh wr orfn lq frqvxphuv dqg wklv zrxog ghfuhdvh |f1
Ixuwkhupruh/ frqvxphuv dqwlflsdwh wkdw d kljkhu hqwudqw*v txdolw| lpsolhv d
pruh djjuhvvlyh frpshwlwlrq lq wkh qh{w shulrg1 Kljk txdolw| lpsolhv kljkhu
xwlolw|/ zkloh kljkhu sulfhv +zklfk frph iurp kljkhu txdolw|, ghfuhdvh xwlolw|1
Lq wklv fdqglgdwh htxloleulxp wkh uvw hhfw suhydlov dqg wkh qxpehu ri uvw
shulrg sxufkdvhuv lqfuhdvhv zlwk wkh hqwudqw*v txdolw|1
Ilqdoo|/ qrwh wkdw lq wklv fdqglgdwh htxloleulxp wkh kljkhvw w|shv dprqj
lqfxpehqw*v dwwdfkhg frqvxphuv vzlwfk wr wkh hqwudqw lq wkh vhfrqg shulrg1
616 Vhfrqg Fdqglgdwh Htxloleulxp
Li wkh fxw0r frqvxphuv duh srvlwlrqhg lq wkh iroorzlqj rughu +Fdvh 5 lq
Dsshqgl{ 4,= | A  : |f : |D A f dqg |2 A |D wkhq wkh ghpdqg ixqfwlrqv
zh rewdlq duh wkh iroorzlqj= (U E ' E |f/ (fcU E ' f/ (UcU E ' E |f/
(fc. E ' E|f  |D/ (Uc. E ' f1 Wkh glhuhqfh zlwk wkh suhylrxv ghpdqg
frqjxudwlrq lv wkdw qrz doo wkh qhz frqvxphuv ex| lq wkh vhfrqg shulrg
iurp wkh hqwudqw/ dqg qrqh ri wkh lqfxpehqw*v dwwdfkhg frqvxphuv vzlwfk lq
wkh vhfrqg shulrg= erwk upv vshfldol}h rq d jurxs ri frqvxphuv1
Lq wkh vhfrqg shulrg wkh lqfxpehqw zrxog kdyh wkh lqfhqwlyh wr frqwlqxh
udlvlqj lwv sulfh lq rughu wr h{wudfw wkh pd{lpdo uhqw iurp wkh dwwdfkhg
frqvxphuv1 Exw wkhuh lv d pd{lpdo vhfrqg shulrg sulfh/ zklfk ghwhuplqhv
wkh ghpdqg frqjxudwlrq zh duh dqdo|}lqj1 Wkh uhvwulfwlrq zklfk ghwhuplqhv
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wklv xsshu erxqg iru wkh vhfrqg shulrg lqfxpehqw*v sulfh lv |2 A |D15: Vlqfh
wkh lqfxpehqw jdlqv wkh pd{lpdo surw li wklv lqhtxdolw| lv vdwlvhg dv dq
htxdolw|/ zh ghwhuplqh RUc2 iurp |2 ' |D1 Zh fdq qrz zulwh wkh rswlpdo
vhfrqg shulrg sulfhv dv iroorzv=
hhRUc2 ' |f2 c +48,
hhR. ' |f  ^.2  +49,
Wkhuh duh wkuhh lqwhuhvwlqj wklqjv wr qrwh1 Iluvw/ erwk upv vhw wkh
prqrsro| sulfh/ vlqfh erwk kdyh prqrsro| srzhu ryhu wkhlu fxvwrphuv1 Vhf0
rqg/ wkh vhfrqg shulrg lqfxpehqw*v sulfh grhv qrw ghshqg rq wkh hqwudqw*v
txdolw|1 Wklv lv ehfdxvh lq wklv fdqglgdwh htxloleulxp wkh lqfxpehqw grhv
qrw frpshwh iru wkh qhz sxufkdvhuv dqg rqo| h{sorlwv lwv dwwdfkhg fxvwrphuv1
Wklug/ erwk sulfhv lqfuhdvh zlwk wkh qxpehu ri frqvxphuv zkr grq*w ex| lq
wkh uvw shulrg1 Vzlwfklqj frvwv gr qrw gluhfwo| hqwhu wkh rswlpdo vhfrqg
shulrg sulfhv/ vlqfh lq wklv fdqglgdwh htxloleulxp qrqh ri wkh lqfxpehqw*v
dwwdfkhg frqvxphuv vzlwfk1
Dovr lq wklv fdvh wkh frqvxphu |f/ lqglhuhqw ehwzhhq ex|lqj dqg qrw
ex|lqj lq wkh uvw shulrg/ frpsduhv |ff n 
|f
fc. dqg 
|f
U n 
|f
UcU wr wdnh lwv uvw
vwdjh ghflvlrq1 Vxevwlwxwlqj +48, dqg +49, lq wkh xwlolw| ixqfwlrqv zh fdq
vroyh iru hh|f=
hh|f ' 2RU
  ^.
 +4:,
Wkh qxpehu ri frqvxphuv zkr gr qrw ex| lq wkh uvw shulrg lqfuhdvhv
zlwk wkh uvw shulrg lqfxpehqw*v sulfh/ lq idfw Y
hh|f
YRU
' 2
3^.
: f iru hyhu|
^. 5 Ec 21
Zh fdq qrz vroyh iru wkh uvw shulrg*v rswlpdo sulfhv1 Lq wklv fdvh wkh ohyho
ri vzlwfklqj frvwv lv jlyhq dv d orzhu erxqgdu| ghwhuplqhg e| wkh uhvwulfwlrqv
+| A ,/ vlqfh vzlwfklqj frvwv gr qrw hqwhu wkh lqfxpehqw*v surw15; Zh
rewdlq=
hhRU '   ^.e c +4;,
5:Li wklv uhvwulfwlrq zrxog idlo zh zrxog mxps wr dqrwkhu ghpdqg frqjxudwlrq/ lq zklfk
hqwudqw dqg lqfxpehqw frpshwh iru qhz frvwxphuv1 Dfwxdoo| wklv ghpdqg frqjxudwlrq
zrxog dovr ohdg wr d fdqglgdwh htxloleulxp1 Vhh wkh wklug fdvh lq Dsshqgl{ 41
5;Zh ghwhuplqh v iurp w4 @ 41 Exw hyhu| ydoxh ri v A hhv frxog eh sduw ri wkh htxloleulxp
rxwfrph1 Krzhyhu/ wkh lqfxpehqw grhv qrw kdyh wkh lqfhqwlyh wr vhw dq kljkhu ohyho ri
vzlwfklqj frvwv vlqfh hhv lv hqrxjk wr orfn lq doo wkh dwwdfkhg frvwxphuv1
48
Iljxuh 6= Vhfrqg fdqglgdwh htxloleulxp= ghpdqgv +^. ' 2,1
hhr '  E^.  
e
 +4<,
Vxevwlwxwlqj wkhvh rswlpdo sulfhv dqg hh|f lq +48, dqg +49, zh jhw=
hhRUc2 ' e c +53,
hhR. ' ^.e  +54,
Vxevwlwxwlqj +4;, lq +4:, zh rewdlq hh|f ' 2 / dv lq wkh ehqfkpdun fdvh +vhh
Iljxuh 6,15< Wklv phdqv wkdw/ lqghshqghqwo| ri wkh hqwudqw*v txdolw| ohyho/
kdoi ri wkh frqvxphuv ex| iurp wkh lqfxpehqw lq wkh uvw shulrg1
Lq wkh iroorzlqj sursrvlwlrq zh fdq vkrz wkdw wkh suhylrxv fdqglgdwh
htxloleuld dfwxdoo| ghqh wkh xqltxh vxejdph shuihfw htxloleulxp ri wkh sulfh
vhwwlqj jdph/ ghshqglqj rq wkh hqwudqw*v txdolw| ohyho1 Zh zloo ghwhuplqh
d fulwlfdo txdolw| ohyho zklfk vhsdudwhv wkh wzr fdqglgdwh htxloleuld1 Iru
5<Lq wklv fdvh zh xvh tH @ 4=5 ehfdxvh/ dv zh zloo vkrz odwhu rq/ wklv lv dq htxloleulxp
rqo| iru orz txdolw| ohyhov1
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ydoxhv kljkhu wkdq wklv fulwlfdo ohyho/ wkh htxloleulxp lv ghqhg e| wkh uvw
fdqglgdwh htxloleulxp/ zkhuhdv iru orzhu ydoxhv ri wkh hqwudqw*v txdolw| wkh
htxloleulxp lv ghqhg e| wkh vhfrqg fdqglgdwh1 Uhfdoo/ krzhyhu/ wkdw wkh
hqwudqw*v txdolw| ohyho zloo eh hqgrjhqrxvo| fkrvhq dv d ixqfwlrq ri wkh frvw
ri ghyhorslqj txdolw| lq wkh qh{w vhfwlrq1 Zh fdq wkhq vwdwh wkh iroorzlqj
sursrvlwlrq=
Sursrvlwlrq 4 Iru hyhu| ^. 5 Ec ^./ zkhuh ^.  S..HD/ wkh sulfh vhwwlqj
jdph suhvhqwv d xqltxh vxejdph shuihfw htxloleulxp rxwfrph zlwk hqwu| jlyhq
e| +4;,/ +4<,/ +53,/ dqg +54,1 Iru hyhu| ^. 5 d^.c 2 wkh sulfh vhwwlqj jdph
suhvhqwv d xqltxh vxejdph shuihfw htxloleulxp rxwfrph zlwk hqwu| jlyhq e|
+44,/ +45,/ +46,/ dqg +47,1
Surri = Wkh surri lv lq wzr vwhsv1 Lq d uvw vwhs zh vkrz wkdw wkh uhvwulfwlrqv iru
wkh h{lvwhqfh ri wkh wzr fdqglgdwh htxloleuld duh vdwlvhg e| htxloleulxp
sulfhv1 Wklv sduw lv suhvhqwhg lq Dsshqgl{ 51 Lq wkh vhfrqg vwhs zh
surri wkh xqltxhqhvv ri wkh htxloleulxp dv d ixqfwlrq ri wkh hqwudqw*v
txdolw| fkrlfh1
Wr ghwhuplqh wkh xqltxh vxejdph shuihfw Qdvk htxloleulxp zh pxvw
uvw vroyh doo wkh rwkhu srvvleoh fdvhv zklfk duh olvwhg lq Dsshqgl{ 41
Zh gr qrw uhsruw wklv vwhs1 Zh fdq qg wkdw rqo| rqh rwkhu fdqglgdwh
htxloleulxp h{lvwv lq wkh udqjh E^.c2 zkhuh ^.  .f.163 Wkh lqfxp0
ehqw kdv d uvw pryhu dgydqwdjh lq wkh sulfh vhwwlqj jdph1 Zh dvvxph
wkdw lw fkrrvhv wkh htxloleulxp zklfk jhqhudwhv wkh kljkhu surw1 Zh
pxvw wkhq frpsduh wkh uhgxfhg irup lqfxpehqw*v htxloleulxp surw
ixqfwlrqv iru rxu wkuhh fdqglgdwh htxloleuld1 Wkh wkuhh surw ixqfwlrqv
iru wkh uvw/ vhfrqg/ dqg wklug fdqglgdwh htxloleuld duh wkh iroorzlqj/
uhvshfwlyho|=
hZUE^. ' ^. EH^D.  2HH^e.  2^. n eSH^2. n 2bf^. n eH
S E^2.  2^.  
2
E^. n 
c S4
hhZUE^. ' e  ^.
H
c S5
ZUE^. '

e
E2^..  eH^S. n .S^D.  2Se^e. n S.S^.  DD^2. n Se^.  2
e E  2^. E2^2.  .^. n 2

S6
Zh sorwwhg wkh wkuhh surwv dv d ixqfwlrq ri ^. lq Iljxuh 71 Wkh lq0
63Wklv lv Fdvh 6 lq Dsshqgl{ 41 Lq wklv fdqglgdwh htxloleulxp wkh srvlwlrq ri wkh
lqglhuhqw frqvxphuv lv wkh iroorzlqj= w4 A 4 A w3 A w7 A w5 A 3 1 Wklv lpsolhv wkdw lq
wkh vhfrqg shulrg qrqh ri wkh dwwdfkhg frqvxphuv vzlwfk wr wkh hqwudqw/ vrph ri wkh qhz
frvwxphuv ex| iurp wkh hqwudqw/ dqg vrph iurp wkh lqfxpehqw1
4:
Iljxuh 7= Lqfxpehqw*v surwv lq wkh wkuhh fdqglgdwh htxloleuld
fxpehqw fkrrvhv wr sod| wkh htxloleulxp zklfk jhqhudwhv wkh kljkhvw
surw/ jlyhq d sduwlfxodu hqwudqw*v txdolw| ohyho1 Wkhuhiruh wkh vhfrqg
fdqglgdwh +zklfk lpsolhv surw S5, lv rxu xqltxh vxejdph shuihfw htxl0
oleulxp zlwk hqwu| iru wkh sulfh vhwwlqj jdph lq wkh uvw vhjphqw Ec ^.o(
dqg wkh uvw fdqglgdwh +zklfk lpsolhv surw S4, lv rxu vxejdph shuihfw
htxloleulxp zlwk hqwu| iru wkh sulfh vhwwlqj jdph lq wkh vhfrqg vhjphqw
E^.c 21 Zh fdq dovr qrwh wkdw wkh wklug fdqglgdwh htxloleulxp lv/ iru
wkh lqfxpehqw/ dozd|v grplqdwhg1 Wkhuhiruh lw fdq qrw eh d vxejdph
shuihfw htxloleulxp iru wkh sulflqj jdph dqg khqfh iru wkh hqwluh jdph
dv zhoo1 
Lq wkh iroorzlqj vhfwlrq zh fdq ghvfuleh wkh pdlq fkdudfwhulvwlfv ri wkh
htxloleulxp pdnlqj vrph frpsdudwlyh vwdwlf dqdo|vlv zlwk uhvshfw wr ^.1
617 Ghvfulswlrq ri wkh htxloleulxp
Zh ehjlq rxu ghvfulswlrq zlwk wkh lqfxpehqw*v uvw shulrg fkrlfh1 Ehfdxvh
ri vzlwfklqj frvwv wkh lqfxpehqw*v wudgh r lq wkh uvw shulrg lv lq jhqhudo
ehwzhhq vhwwlqj d kljk sulfh lq rughu wr h{wudfw doo prqrsro| uhqw/ dqg vhwwlqj
d orz sulfh lq rughu wr dwwudfw frqvxphuv1 Lq wkh ehqfkpdun fdvh/ lqfxpehqw*v
uvw shulrg sulfh lv wkh prqrsro| sulfh htxdo wr 425 +wkh grwwhg olqh lq Iljxuh
8,1
4;
Iljxuh 8= Lqfxpehqw*v uvw shulrg htxloleulxp sulfh dqg vzlwfklqj frvwv1
Lq erwk vfhqdulrv ri wkh htxloleulxp +ru htxloleulxp vhjphqwv, wkh vhfrqg
hhfw ghvfulehg deryh suhydlov/ vlqfh wkh uvw shulrg lqfxpehqw*v sulfh lv
orzhu zlwk vzlwfklqj frvwv wkdq lq wkh ehqfkpdun fdvh/ lqghshqghqwo| ri
hqwudqw*v txdolw|164 Wkh kljkhu wkdw wkh hqwudqw*v txdolw| lv/ wkh orzhu RU 1
Wkh lqfxpehqw*v lqfhqwlyh wr sod| djjuhvvlyho| lq wkh uvw shulrg lv kljkhu
lq wkh vhfrqg htxloleulxp vhjphqw1 Wklv lv ehfdxvh lq wklv fdvh wkh hqwudqw
kdv d vwurqjhu dgydqwdjh ryhu wkh lqfxpehqw/ vlqfh wkh ghjuhh ri surgxfw
glhuhqwldwlrq lv kljkhu1 Wkhuhiruh/ wkh ehvw vwudwhj| iru wkh lqfxpehqw lv wr
wu| wr hqodujh lwv fxvwrphu edvh lq wkh uvw shulrg wkurxjk orz sulfhv dqg
lqfuhdvh lwv surw lq wkh vhfrqg wkurxjk vzlwfklqj frvwv165
Ilqdoo| zh fdq dovr qrwh wkdw lq wkh uvw htxloleulxp vhjphqw wkh uvw
shulrg sulfh +4;, dqg vzlwfklqj frvwv +4<, vxp wr ^.*2/ zkloh lq wkh vhfrqg
+44, dqg +45, vxp wr 4251 Krzhyhu/ rqh vkrxog dovr nhhs lq plqg wkdw
vzlwfklqj frvwv sod| glhuhqw urohv ghshqglqj rq wkh htxloleulxp vhjphqw= lq
wkh vhfrqg vhjphqw wkh| duh d fkdujh wkdw dwwdfkhg frqvxphuv dfwxdoo| sd|
zkhq vzlwfklqj/ zkhuhdv lq wkh uvw rqh wkh| duh rqo| xvhg wr pdnh vzlwfklqj
wrr h{shqvlyh1
64Zh zloo xvh wkh whup htxloleulxp vhjphqw wr lqglfdwh wkh suhydlolqj vfhqdulr1 Li tH 5
+t
H
>5,/ iru h{dpsoh/ zh zloo uhihu wr lw dv wkh vhfrqg htxloleulxp vhjphqw1
65Wklv uhvxow zdv h{shfwhg jlyhq wkh ghpdqg frqjxudwlrq1 Lq wkh uvw fdqglgdwh htxl0
oleulxp pruh wkdq 425 ri wkh frqvxphuv ex| lq wkh uvw shulrg/ zkloh lq wkh vhfrqg h{dfwo|
425 +lqghshqghqwo| ri sulfhv dqg hqwudqw*v txdolw|, gr lw1 Frpsduh Iljxuh 4 dqg Iljxuh 51
4<
Iljxuh 9= Lqfxpehqw*v vhfrqg shulrg dqg Hqwudqw*v htxloleulxp sulfhv1
Ilupv* vhfrqg shulrg ehkdylru glhuv vwurqjo| lq wkh wzr htxloleulxp vhj0
phqwv dv zhoo +vhh Iljxuh 9,166 Zkhq surgxfwv duh qrw vwurqjo| glhuhqwldwhg
erwk upv sulfh ohvv djjuhvvlyho| wkdq zlwkrxw vzlwfklqj frvwv +grwwhg olqhv
duh ehqfkpdun sulfhv,/ hyhq wkrxjk wklv hhfw ghfolqhv wkh kljkhu wkdw wkh
hqwudqw*v txdolw| lv1 Wklv ehkdylru lv hdv| wr xqghuvwdqg1 Lq wkh vhfrqg sh0
ulrg erwk upv kdyh prqrsro| srzhu ryhu wkhlu fxvwrphuv/ dqg fdq sulfh
kljkhu wkdq lq devhqfh ri vzlwfklqj frvwv1
Zkhq surgxfwv ehfrph pruh glhuhqwldwhg +vhfrqg htxloleulxp vhjphqw,
frpshwlwlrq ehfrphv pxfk wrxjkhu hyhq lq frpsdulvrq wr wkh ehqfkpdun
fdvh1 Hvshfldoo| wkh hqwudqw sod|v yhu| djjuhvvlyho| lq rughu wr ixoo| h{sorlw
wkh dgydqwdjh frplqj iurp wkh kljk txdolw| ohyho ri lwv surgxfw1 Lq wklv fdvh/
sulfhv duh orzhu ehfdxvh wkh wzr upv frpshwh iru erwk jurxsv ri frqvxphuv1
Wklv uhvxow lv sduwlfxoduo| lqwhuhvwlqj1 Wkh w|slfdo qglqj ri wkh surgxfw
glhuhqwldwlrq olwhudwxuh lv wkdw/ wkh ohvv wkdw wkh surgxfwv duh glhuhqwldwhg/
wkh pruh frpshwlwlyh wkh lqgxvwu|1 Zh revhuyh wkdw lq rxu prgho vzlwfklqj
66Dv WLUROH +4<;;, qrwhv/ li wkh lqfxpehqw up fdq qrw glvfulplqdwh ehwzhhq dwwdfkhg
frqvxphuv dqg qhz sxufkdvhuv/ lw zloo vhw dq lqwhuphgldwh sulfh zklfk lqfuhdvhv zlwk
wkh lpsruwdqfh ri wkh fxvwrphu edvh1 Li rqh frqvlghu wkh fxvwrphu edvh dv d vruw ri
lqyhvwphqw/ dqg li wklv edvh lv odujh/ lw uhvxowv wkdw wkh lqfxpehqw up lv d idw fdw zklfk
pd| pdnh hqwu| surwdeoh1 Li wkh edvh lv qrw odujh/ wkhq wkh suhydlolqj vwudwhj| lv d wrs
grj vwudwhj|/ zkhuh wkh lqfxpehqw up sod|v djjuhvvlyho|1 Lq rxu prgho erwk vwudwhjlhv
duh srvvleoh ghshqglqj rq wkh hqwudqw*v txdolw| fkrlfh zklfk ghwhuplqhv wkh vl}h ri wkh
fxvwrphu edvh1
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frvwv uhyhuvh wklv uhvxow/ ehfdxvh ri wkh orfn lq hhfw wkdw wkh| lpso|1
Iljxuh := Ilup*v htxloleulxp surwv +S ' f,
Ilqdoo|/ zh fdq dovr vwuhvv wkh idfw wkdw wkh lqfxpehqw*v surw ixqfwlrq kdv
qrw d prqrwrqlf ehkdylru lq hqwudqw*v txdolw| +vhh Iljxuh :,1 Wkh lqfxpehqw
lv dozd|v kxuw e| surgxfw glhuhqwldwlrq lq wkh uvw htxloleulxp vhjphqw1
Wkdw lv ehfdxvh lw pxvw orzhu wkh uvw shulrg sulfh lq rughu wr h{sdqg lwv
fxvwrphuv edvh/ exw lw fdq qrw lqfuhdvh wkh vhfrqg shulrg sulfh dv hqwudqw*v
txdolw| lqfuhdvhv1 Lqvwhdg/ lq wkh vhfrqg vhjphqw/ wkh lqfxpehqw wrr jdlqv
iurp pruh glhuhqwldwlrq/ ehfdxvh ri lwv lqfuhdvhg surwv yld vzlwfklqj frvwv1
Wkh hqwudqw dozd|v jdlqv iurp glhuhqwldwlqj lwv surgxfw lq wkh uvw vhjphqw
+lwv surw ixqfwlrq qhw ri frvwv prqrwrqlfdoo| lqfuhdvhv lq ^.,/ exw wklv lv qrw
dozd|v wkh fdvh lq wkh vhfrqg vhjphqw1 Lq sduwlfxodu/ dw d fhuwdlq srlqw lw pd|
eh qrw surwdeoh wr ixuwkhu lqfuhdvh txdolw| jlyhq vzlwfklqj frvwv167 Wklv idfw
dovr lpso| wkdw lq wkh vzlwfklqj frvw htxloleulxp wkhuh lv d pd{lpdo surwdeoh
ohyho ri surgxfw glhuhqwldwlrq +iru wkh plqlpxp txdolw| frvw/ S ' f,/ zkhuhdv
lq wkh ehqfkpdun fdvh wklv zrxog qrw eh wkh fdvh1 Lq htxloleulxp wkh hqwudqw
lv doprvw dozd|v zruvh r wkdq lq wkh ehqfkpdun fdvh ri qr vzlwfklqj frvwv=
wkh lqfxpehqw qrw rqo| h{wudfwv sduw ri wkh frqvxphuv* vxusoxv exw dovr vrph
ri wkh hqwudqw*v uhqw1 Ilqdoo| rqh vkrxog dovr qrwh wkdw hyhq zkhq surgxfwv
duh qrw glhuhqwldwhg +^. $ , wkh hqwudqw jdlqv srvlwlyh surwv1 Wklv lv
67Wkh sorwwhg hqwudqw*v surw lv iru wkh fdvh ri f @ 31 Wkh rswlpdo hqwudqw*v txdolw| lv
hqgrjhqrxvo| ghwhuplqhg lq vwdjh 3 dv d ixqfwlrq ri wkh frvw wr exlog xs txdolw|1
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ehfdxvh wkh lqfxpehqw grhv qrw frpshwh iru wkh qhz fxvwrphuv dqg ohdyhv
wkh hqwudqw zlwk vrph h{wud uhqw +wkh idw fdw vwudwhj|,1
7 Hqwu| Ghflvlrq= Wkh Hqgrjhqrxv Txdolw|
Fkrlfh
Lq wklv vhfwlrq zh dqdo|}h wkh hqwudqw*v txdolw| fkrlfh dv d ixqfwlrq ri wkh frvw
sdudphwhu1 Lq vwdjh 3 wkh hqwudqw fkrrvhv zkhwkhu wr lqyhvw lq txdolw| ru qrw1
Vkrxog lw ghflgh wr vhw xs d txdolw| ohyho wklv zrxog phdq wkdw lw zdqwv wr
hqwhu wkh pdunhw lq shulrg 51 Zh fdq xvh dw wklv vwdjh wkh uhvxow ri wkh sulflqj
jdph ghulyhg lq wkh suhylrxv vhfwlrq1 Lq wklv vwdjh wkh hqwudqw pd{lpl}hv lwv
uhgxfhg irup surw ixqfwlrq zlwk uhvshfw wr ^.1 Lq wkh vhfrqg htxloleulxp
vhjphqw wkh uvw rughu frqglwlrq jlyhv lpsolflwo| hqwudqw*v rswlpdo txdolw|
+h^., dv d ixqfwlrq ri wkh frvw sdudphwhu S=
S
k
SEh^2.32h^.3Eh^.n
l
Eh^.32
'
Effh^b.  Defh^H. n .2h^.. n Hb2h^S. n 22Hh^D.
n
EH2h^e.  .bh^.  Hbh^2.  2DDh^.  2.
+55,
Lq wkh uvw htxloleulxp vhjphqw zh duh deoh wr ghulyh h{solflwo| wkh rswlpdo
txdolw| ohyho dv d ixqfwlrq ri S dv iroorzv=
hh^. ' 2 es2S +56,
Sursrvlwlrq 5 Iru hyhu| f 	 S 	 S +zkhuh S  ff, kljk txdolw| hqwu|
lv dffrpprgdwhg1 Wkh rswlpdo txdolw| ohyho lv jlyhq e| +56, li S lv qrw wrr
vpdoo +S : S : S/ S  fffDb,1 Iru yhu| vpdoo ydoxhv ri S +f 	 S 	 S, wkh
rswlpdo txdolw| ohyho lv lpsolflwo| jlyhq e| +55,1
Surri Zh fdq xvh dw wklv vwdjh wkh uhvxow ri Sursrvlwlrq 41 Wkh hqwudqw
nqrzv wkdw wkh lqfxpehqw*v ehvw uhvsrqvh wr hyhu| txdolw| lq wkh udqjh
E^.c 2 lv wr sod| dffruglqj wr wkh vhfrqg htxloleulxp vhjphqw1 Lq wklv
vhjphqw wkh hqwudqw pd{lpl}hv lwv surwv zlwk uhvshfw wr ^. dqg wkh
rswlpdo txdolw| lv jlyhq e| +55,1 Li S ' f wkh rswlpdo hqwudqw*v txdolw|
ohyho lv htxdo wr h^. ' HHS1 Ixuwkhupruh wkh rswlpdo hqwudqw*v txdolw|
ghfuhdvhv zlwk S/ vlqfh Y
2hZ.
Y h^.YS ' 
2
E^.32
2 	 f +vhh Iljxuh ;,1 Iru S ' S
zh rewdlq h^. ' ^.  S..HD1 Exw li ^. 	 ^. wkh lqfxpehqw*v ehvw
uhvsrqvh wr hyhu| hqwudqw*v txdolw| lv wr sod| dffruglqjo| wr wkh uvw
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Iljxuh ;= Hqwudqw*v htxloleulxp txdolw| dv d ixqfwlrq ri S1
htxloleulxp vhjphqw1 Wkh rswlpdo hqwudqw*v txdolw| lv wkhq jlyhq e|
+56,/ zklfk lv djdlq d prqrwrqlf ghfuhdvlqj ixqfwlrq ri S lq wkh uhohydqw
udqjh1 Wkh plqlpxp txdolw| zklfk zh doorz lv 4/ vlqfh zh dvvxph wkdw
wkh hqwudqw lv wkh kljk txdolw| surylghu1 Li hh^. ' / wkhq zh rewdlq
S ' S  ff/ zklfk lpsolhv srvlwlyh hqwudqw*v surw1 Wkhuhiruh wklv
lv wkh pd{lpdo ydoxh ri wkh frvw sdudphwhu zklfk doorzv kljk txdolw|
hqwu|1 
Qrz zh nqrz zklfk lv wkh hqwudqw*v rswlpdo ehkdylru lq vwdjh 31 Iurp
wkh suhylrxv sursrvlwlrq vwhpv dqrwkhu lqwhuhvwlqj uhvxow1
Fruroodu| 4 Lq dq| vzlwfklqj frvwv htxloleulxp wkh hqwudqw dozd|v xqghulq0
yhvwv lq txdolw| frpsduhg wr wkh ehqfkpdun fdvh1
Surri Hqwudqw*v uhgxfhg irup surw ixqfwlrq lq wkh ehqfkpdun fdvh lv jlyhq
e|=
eZ. ' e^. E^.  
Ee^.  2
 S  ^.
E2  ^.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dqg wkh rswlpdo txdolw| ohyho +e^., lv jlyhq lpsolflwo| e|=
S Eee^.   ' 2e^. Ee^.  22 ee^2.  e^. n 2 
Dovr lq wklv fdvh wkh rswlpdo txdolw| ghfuhdvhv zlwk lqfuhdvlqj frvwv
+ Y
2eZ.
Y e^.YS ' 2* E^.  2
2 	 f,1 Li S ' f zh kdyh h^.ES ' f ' HHS 	
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S<f
e^. ' 41 Li S ' S zh rewdlq h^.ES ' S ' SS.HS 	 e^.ES ' S '
.b.b1 Zh nqrz wkdw erwk ixqfwlrqv duh prqrwrqlfdoo| ghfuhdvlqj
lq S dqg wkdw e^. dvvxphv kljkhu ydoxh wkdq h^. dw wkh wzr h{wuhpd/
wkhuhiruh lw kdv wr dvvxph d kljkhu ydoxh lq wkh hqwluh udqjh f 	 S 	 S
+vhh Iljxuh ;,1 Wkh vdph nlqg ri surri fdq eh grqh iru wkh vhfrqg frvw
vhjphqw +S : S : S,= erwk rswlpdo txdolw| ixqfwlrqv ghfuhdvh lq S/ dqg
dw wkh h{wuhpd e^. : h^. +vhh Iljxuh ;,1 
Lq Sursrvlwlrq 5 zh suryhg wkdw/ li wkh frvwv iru surgxfw txdolw| duh qrw
wrr kljk/ hqwu| lv dffrpprgdwhg1 Wkh odvw srlqw wr foduli| lv krz vzlwfklqj
frvwv lq xhqfh wkh hqwu| ehkdylru zkhq surgxfw glhuhqwldwlrq lv yhu| frvwo|1
Sursrvlwlrq 6 Iru hyhu| S 	 S 	 eS kljk txdolw| hqwu| lv ghwhuuhg e| wkh
vwudwhjlf xvh ri vzlwfklqj frvwv1
Surri Lq Sursrvlwlrq 5 zh kdyh vkrzq wkdw lq htxloleulxp hqwu| kdsshqv iru
hyhu| S 	 S1 Lq wkh ehqfkpdun fdvh zh fdq ghwhuplqh wkh frvw sdudph0
whu*v ydoxh zklfk lpsolhv }hur hqwudqw*v surw1 Wklv ydoxh lv eS  ffS.
zklfk lpsolhv e^.  .SHH1 Exw S 	 eS/ wkhuhiruh lq htxloleulxp wkhuh
lv d vpdoohu udqjh ri frvwv iru zklfk kljk txdolw| hqwu| kdsshqv wkdq
lq wkh ehqfkpdun fdvh +vhh Iljxuh ;,= kljk txdolw| hqwu| lv ghwhuuhg 
Wklv odvw qglqj lv vlplodu wr wkh DJKLRQ*v dqg EROWRQ*v ^4<;:` dqg
NOHPSHUHU*v ^4<;:e` uhvxow1 Zh fdq suryh dv zhoo wkdw vzlwfklqj frvwv
fdq eh xvhg dv dq hqwu| eduulhu/ ehfdxvh wkh| uhgxfh wkh udqjh ri frvwv zklfk
doorzv wkh hqwudqw wr frph lqwr wkh pdunhw zlwk d kljk txdolw| surgxfw1 Exw
zh fdq ixuwkhu vkrz wkdw wkh| dovr orzhu wkh hqwudqw*v lqfhqwlyh wr glhuhq0
wldwh lwv surgxfw168 Rq wkh rwkhu kdqg zh frxog dovr suryh wkdw/ iru vrph
ydoxh ri wkh txdolw| ghshqghqw frvwv/ vzlwfklqj frvwv pd| dovr ohdg wr d pruh
frpshwlwlyh lqgxvwu|/ ehfdxvh wkh| uhgxfh sulfhv1 Wkh qh{w vwhs frqvlvwv lq
d pruh suhflvh zhoiduh dqdo|vlv/ zklfk zloo doorz xv wr pdnh fohduhu srolf|
vxjjhvwlrqv1
68Lq d pruh jhqhudo vhqvh/ li zh frqvlghu wkdw d kljkhu ghjuhh ri surgxfw glhuhqwldwlrq
qhhgv d pruh lqqrydwlyh txdolw| surgxfwlrq surfhvv/ zh fdq frqfoxgh wkdw vzlwfklqj frvwv
vorz wkh lqqrydwlrq surfhvv1 Wklv fodlp zdv xvhg e| wkh XV Frxuw ri Mxvwlfh dv rqh ri wkh
prwlydwlrqv wr ghfoduh Plfurvriw*v shu surfhvvru olfhqvhv loohjdo1
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714 Zhoiduh Dqdo|vlv dqg Srolf| Vxjjhvwlrq
Lq wklv vhfwlrq zh zloo dqdo|}h wkh zhoiduh lpsolfdwlrq ri wkh htxloleulxp rxw0
frph1 Zh dvvxph wkdw wkh zhoiduh ixqfwlrq lv wkh vxp ri frqvxphuv* vxusoxv
dqg upv* surwv1 Lq wkh suhylrxv Vhfwlrqv zh revhuyhg wkdw vzlwfklqj frvwv
rq wkh rqh kdqg fdq pdnh wkh lqgxvwu| pruh frpshwlwlyh/ exw rq wkh rwkhu
uhgxfh wkh hqwudqw*v lqfhqwlyh wr glhuhqwldwh dqg pd| ghwhu hqwu|1 Dv zh
vdz/ wkh lqfxpehqw dozd|v jdlqv iurp vzlwfklqj frvwv/ zkhuhdv wklv lv prvwo|
qrw wkh fdvh iru wkh hqwudqw +vhh Iljxuh :,1 Wkh wklug sduw| lq wkh pdunhw duh
frqvxphuv1 Wkh| jdlq kljkhu xwlolw| iurp orzhu sulfhv +lq rqh htxloleulxp
vhjphqw,/ exw rq wkh rwkhu vlgh wkh| pd| kdyh glvxwlolw| iurp wkh orzhu hq0
wudqw*v txdolw| dqg iurp wkh orzhu ghjuhh ri hqwu| zlwk uhvshfw wr wkh fdvh
ri qr vzlwfklqj frvwv169
Sursrvlwlrq 7 Wkh vzlwfklqj frvwv htxloleulxp rxwfrph lv dozd|v lqh!0
flhqw1
Surri Frqvlghu wkh wrwdo zhoiduh dv d ixqfwlrq ri hqwudqw*v txdolw| lq wkh
fdvh ri qr txdolw| frvwv +vhh Iljxuh <,1 Rqh fdq vhh wkdw lq htxloleulxp
wkh qhw wrwdo zhoiduh lv dozd|v orzhu wkdq lq wkh ehqfkpdun fdvh ri
qr vzlwfklqj frvwv 16: Exw wklv pxvw qrw qhfhvvdu| krog iru wkh rswlpdo
txdolw|1 Zh fdq wkhq uhfdoo Fruroodu| 4 ri wkh suhylrxv sursrvlwlrq1
Wkhuh zh suryhg wkdw iru hyhu| S 5

fc S

hqwudqw*v txdolw| ohyho lv
dozd|v orzhu lq htxloleulxp wkdq lq wkh ehqfkpdun fdvh1 Wkxv/ iru
S$ f wrwdo zhoiduh lq htxloleulxppxvw eh orzhu wkdq lq wkh ehqfkpdun
fdvh1 Iru S 5 Efc S wkh htxloleulxp zhoiduh ixqfwlrq lv jlyhq e|=6;
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69Wklv pxvw qrw eh wuxh1 Lq idfw orzhu hqwudqw*v txdolw| zrxog lpso| orzhu sulfhv/ zklfk
lqfuhdvhv frqvxphuv* vxusoxv1 Wkh iroorzlqj zhoiduh dqdo|vlv vkrxog pdnh fohdu zklfk ri
wkh wzr hhfwv suhydlov1
6:Qhw wrwdo zhoiduh phdqv qhw ri txdolw| frvwv +f @ 3,1
6;Qrwh wkdw htH dqg etH duh wkh rswlpdo txdolw| ohyho lq htxloleulxp dqg lq wkh ehqfkpdun
fdvh uhvshfwlyho|/ dqg/ dv vxfk/ wkh| duh d ixqfwlrq ri f1
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Iljxuh <= Wrwdo zhoiduh +S ' f,
Erwk ixqfwlrqv prqrwrqlfdoo| ghfuhdvh dv txdolw| frvwv lqfuhdvh vlqfh
iru ^. 5 Ec 2 wkh iroorzlqj lqhtxdolwlhv krog=
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Lq S ' S lw lv i`ES ' S ' 2Def 	 2S.. ' f`ES ' S1 Exw/ li
erwk ixqfwlrqv prqrwrqlfdoo| ghfuhdvh lq S dqg dw wkh h{wuhpd ri wkh
lqwhuydo Efc So lw lv i`ES 	 f`ES/ wkhq wklv lqhtxdolw| pxvw krog lq wkh
hqwluh lqwhuydo1 Qrz frqvlghu wkh udqjh ri frvwv S 5 ESc So1 Lq wklv frvw
udqjh wkh htxloleulxp zhoiduh ixqfwlrq lv wkh iroorzlqj=6<
i`
ES '
HS 
s
2Sn .
H
6<Lq wklv fdvh/ vlqfh zh frxog h{solflwo| ghulyh wkh rswlpdo txdolw| ohyho/ zh fdq dovr
h{solflwo| zulwh wkh zhoiduh ixqfwlrq dv d ixqfwlrq ri f1
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Dovr
i`
ES lv d ghfuhdvlqj ixqfwlrq ri wkh frvw sdudphwhu173 Iru S$ S
lw lv i`ES $ fHeffb 	 2S.. ' f`ES1 Dw S ' S zh kdyh i`ES '
S ' fH2D 	 SH ' f`ES ' S1 Wkhuhiruh wkh vdph dujxphqw
dv ehiruh dssolhv= erwk ixqfwlrqv duh prqrwrqlfdoo| ghfuhdvlqj lq S lq
wkh uhohydqw udqjh ri wkh frvw sdudphwhu dqg dw erwk h{wuhpd lw lvi`
ES 	 f`ES/ wkhq wkh lqhtxdolw| pxvw krog lq wkh hqwluh lqwhuydo1 
Wkurxjk wkh vwudwhjlf xvh ri vzlwfklqj frvwv/ wkh lqfxpehqw fdq h{wudfw
vrph ri wkh hqwudqw*v dqg vrph ri wkh frqvxphuv* uhqw/ h{sdqglqj lwv pdunhw
srzhu dovr wr wkh shulrg ri srwhqwldo frpshwlwlrq zklfk lpsolhv orvvhv iru wkh
hfrqrp|1
Dowkrxjk wkh prgho zh suhvhqwhg pdnhv vrph vwurqj vlpsoli|lqj dvvxps0
wlrqv/ zh wklqn wkdw lw hqdeohv xv wr pdnh vrph srolf| vxjjhvwlrqv1 Wkh frp0
shwlwlrq dxwkrulw| vkrxog eh dzduh ri wkh dqwlfrpshwlwlyh hhfwv wkdw wkh
vwudwhjlf xvh ri vzlwfklqj frvwv e| dq lqfxpehqw pd| lpso|/ dqg vkrxog wu|
wr dyrlg lwv xvh1 Lq idfw/ hyhq lq wkh prvw srvlwlyh ri fdvhv/ zkhq wkh| pd|
lpso| d pruh frpshwlwlyh lqgxvwu| lq wkh vhqvh ri orzhu sulfhv/ wkh| kdyh
dovr vrph qhjdwlyh lpsolfdwlrqv lq whupv ri d orzhu hqwudqw*v txdolw| ohyho/
zklfk zrxog ghfuhdvh wrwdo vxusoxv1 Wkh qhjdwlyh hhfw ri vzlwfklqj frvwv
lqfuhdvhv/ wkh kljkhu wkh frvw ri glhuhqwldwlrq1
8 Frqfoxvlrq
Wklv sdshu ghdov zlwk wkh dqdo|vlv ri wkh hqwu| surfhvv lq dq h{0prqrsrolvwlf
lqgxvwu|/ zkhq wkh lqfxpehqw fdq orfn lq frqvxphuv yld wkh vwudwhjlf xvh ri
vzlwfklqj frvwv dqg wkh hqwudqw fdq yhuwlfdoo| glhuhqwldwh lwv surgxfw1 Zh
vkrzhg wkdw/ ghshqglqj rq wkh lqyhvwphqw frvwv ri ghyhorslqj txdolw|/ wkuhh
vfhqdulrv pd| hphujh1 Li wkh hqwudqw*v lqyhvwphqw frvwv duh orz/ lq htxl0
oleulxp wkh lqgxvwu| lv pruh frpshwlwlyh wkdq lq wkh ehqfkpdun fdvh ri qr
vzlwfklqj frvwv= wkh hqwudqw glhuhqwldwhv vwurqjo| lwv surgxfw dqg upv vhw
sulfhv pruh djjuhvvlyho| wkdq lq wkh ehqfkpdun fdvh1 Vzlwfklqj frvwv lpso|
wkdw frqvxphuv glvwulexwlrq lv vsolw ehwzhhq lqfxpehqw*v dwwdfkhg fxvwrphuv
dqg qhz fxvwrphuv1 Lq wklv fdvh erwk upv frpshwh lq wkh vhfrqg shulrg iru
erwk w|shv ri frqvxphuv1 Wkh hqwudqw/ zklfk lv wkh kljk txdolw| surylghu/ dw0
wudfwv wkh kljkhvw w|shv iurp erwk frqvxphuv* jurxsv1 Li lqyhvwphqw frvwv
duh lq d plggoh udqjh/ wkh hqwudqw fdq qrw vwurqjo| glhuhqwldwh lwv surgxfw
dqg erwk hqwudqw dqg lqfxpehqw duh ohvv djjuhvvlyh lq wkh surgxfw pdunhw1
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lv qhjdwlyh lq wkh uhohydqw udqjh ri wkh frvw sdudphwhu1
5:
Erwk upv sulfh ohvv djjuhvvlyho| ehfdxvh hdfk ri wkhp kdv prqrsro| srzhu
ryhu d jurxs ri frqvxphuv1 Wkh lqfxpehqw/ lq idfw/ grhv qrw frpshwh iru
vhfrqg shulrg qhz fxvwrphuv dqg h{wudfwv uhqw iurp wkh dwwdfkhg rqhv1 Wkh
hqwudqw/ lqvwhdg/ vhuyh doo wkh qhz ex|huv exw qrqh ri wkh lqfxpehqw*v dw0
wdfkhg fxvwrphuv1 Zh fdq vkrz wkdw/ gxh wr vzlwfklqj frvwv dqg wr wkh orfn
lq hhfw zklfk wkh| lpso|/ wkh pruh wkdw wkh surgxfwv duh glhuhqwldwhg/
wkh pruh frpshwlwlyh wkh lqgxvwu|/ zklfk lv dq dw|slfdo uhvxow iru wkh olwhu0
dwxuh rq yhuwlfdo surgxfw glhuhqwldwlrq1 Iru kljk glhuhqwldwlrq frvwv/ kljk
txdolw| hqwu| lv ghwhuuhg1 Wklv lv d vlplodu uhvxow wr DJKLRQ dqg EROWRQ
^4<;:`1 Lq rxu fdvh/ zkhuh frvwv duh dvvxphg wr eh revhuydeoh/ vzlwfklqj
frvwv jhqhudwh d eduulhu wr hqwu| ehfdxvh lq htxloleulxp wkhuh lv d vpdoohu
vhw ri frvwv zklfk doorzv wkh hqwudqw wr jdlq srvlwlyh surwv zlwk d kljk
txdolw| surgxfw wkdq lq wkh ehqfkpdun fdvh ri qr vzlwfklqj frvwv1 Ixuwkhu0
pruh zh frxog suryh wkdw wkh hqwudqw dozd|v xqghulqyhvwv lq txdolw| zlwk
uhvshfw wr wkh ehqfkpdun fdvh/ khqfh zh dozd|v revhuyh d orzhu ghjuhh ri
glhuhqwldwlrq wkdq zh zrxog gr zlwkrxw vzlwfklqj frvwv1 Ilqdoo| zh vkrzhg
wkdw wkh vzlwfklqj frvwv htxloleulxp lv lqh!flhqw vlqfh wrwdo zhoiduh lv dozd|v
orzhu zlwk vzlwfklqj frvwv wkdq zlwkrxw1 Lq sduwlfxodu vzlwfklqj frvwv do0
prvw dozd|v uhgxfh hqwudqw*v surwv1 Wkh lqfxpehqw/ lqvwhdg/ dozd|v jdlqv
iurp vzlwfklqj frvwv= wkh| duh d zd| ri shushwxdwlqj lwv pdunhw srzhu iurp
wkh prqrsro| shulrg wr wkh shulrg ri srwhqwldo frpshwlwlrq1 Frqvxphuv duh
doprvw dozd|v zruvh r lq wkh vzlwfklqj frvwv htxloleulxp wkdq lq wkh ehqfk0
pdun fdvh dv zhoo1 Rqo| iru yhu| orz frvwv ri glhuhqwldwlrq gr wkh| hqmr|
vrph ehqhwv/ ehfdxvh ri wkh pruh frpshwlwlyh hqylurqphqw dqg ehfdxvh wkh
htxloleulxp hqwudqw*v txdolw| lv qrw pxfk orzhu wkdq zlwkrxw vzlwfklqj frvwv1
Dowkrxjk wkh prgho zh suhvhqwhg pdnhv vrph vwurqj vlpsoli|lqj dvvxps0
wlrqv/ zh wklqn lw lv deoh wr vkhg oljkw rq vrph lpsruwdqw dvshfwv zklfk zhuh
vr idu qrw dqdo|}hg lq wkh olwhudwxuh/ olnh wkh lpsdfw ri vzlwfklqj frvwv rq
hqwudqw*v lqfhqwlyh wr glhuhqwldwh lwv surgxfw1 Wklv nlqg ri dqdo|vlv kdv dovr
lpsruwdqw lpsolfdwlrqv iru srolf| pdnhuv1 Vrphwlphv uhjxodwruv kdyh dujxhg
wkdw vzlwfklqj frvwv vorzhg lqqrydwlrq/ exw wklv srlqw zdvq*w wkhruhwlfdoo|
fohdu1 Rxu uhvxowv sduwldoo| khos wr foduli| wklv fodlp1
Wkh prgho fdq eh h{whqghg lq vrph gluhfwlrqv1 Iluvw/ zh glg frqvlghu rqo|
wkh fdvh ri kljk txdolw| hqwu|/ dvvxplqj wkdw wkh hqwudqw zloo dozd|v fkrrvh
wr eh wkh kljk txdolw| surylghu1 Zh wklqn wkdw/ iru kljk txdolw| ghshqghqw
frvwv/ suredeo| rqh zrxog revhuyh orz txdolw| hqwu|1 Exw lw frxog dovr eh wkh
fdvh wkdw iru orzhu frvwv lw zrxog eh pruh surwdeoh iru wkh hqwudqw wr eh
wkh orz txdolw| surylghu1 Vhfrqg/ zh glg qrw doorz wkh lqfxpehqw wr uhdfw lq
wkh txdolw| glphqvlrq1 Dowkrxjk wklv h{whqvlrq frxog pdnh wkh prgho pruh
frpsohwh/ zh gr qrw wklqn wkdw lw zrxog kdyh yhu| lqwhuhvwlqj lpsolfdwlrqv/
dw ohdvw li rqh pdlqwdlqv wkh dvvxpswlrq ri d kljk txdolw| hqwudqw1 Wkh
5;
lqfxpehqw/ lq idfw/ zrxog kdyh d ixuwkhu lqvwuxphqw wr surwhfw klv grplqdqw
srvlwlrq/ ohdglqj wr d hyhq ohvv frpshwlwlyh dqg pruh lqh!flhqw rxwfrph1
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Dsshqgl{ 5
Lq wklv Dsshqgl{ zh suhvhqw sduw ri wkh surri ri Sursrvlwlrq 41
Vwhs 4= yhulfdwlrq ri wkh uhvwulfwlrqv1
Lq wkh iroorzlqj zh uhsruw wkh 8 uhvwulfwlrqv zh lpsrvhg wr ghwhuplqh
ghpdqg iru wkh uvw fdqglgdwh htxloleulxp1
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Iljxuh 43= Uhvwulfwlrqv iru wkh uvw fdqglgdwh htxloleulxp
Wkh| duh doo vdwlvhg lq wkh uhohydqw udqjh ri hqwudqw*v txdolw| +vhh Iljxuh
43,1 Zh fdq wkhuhiruh frqfoxgh wkdw wklv lv d fdqglgdwh vxejdph shuihfw
htxloleulxp iru wkh sulflqj jdph lq wkh hqwluh udqjh ri hqwudqw*v txdolw|1
64
Lq wkh vhfrqg fdqglgdwh htxloleulxp wkh uhvwulfwlrqv wr yhuli| duh wkh iro0
orzlqj=  : |f : |D A f174 Lq wklv fdqglgdwh htxloleulxp |f ' *2 	 / wkh
uvw uhvwulfwlrq lv wkhq vdwlvhg1 Lw lv dovr wuxh wkdw/ iru hyhu| ^. 5 Ec 2/ lw
krogv |D ' *e : f1 Zh pxvw wkhq rqo| yhuli| |f : |D1 Exw vxevwlwxwlqj wkh
rswlpdo sulfhv +4;,/ +53,/ dqg +54, lq |f dqg |D zh rewdlq *e 	 f zklfk lv
dozd|v wuxh1 Wklv lv d fdqglgdwh htxloleulxp ghqhg lq wkh udqjh ^. 5 Ec 2
74Wkh wzr rwkhu uhvwulfwlrqv +w4 A 4 dqg w5 A w8, duh ri frxuvh vdwlvhg vlqfh zh xvhg
wkhp wr ghulyh wkh htxloleulxp rxwfrph1
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